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Functional Differential Equations  
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Abstract - Strict stability is the kind of stability that can give us some information about the rate of 
decay of the solution. There are some results about strict stability of functional differential 
equations. On other hand, in the study of stability, an interesting set of problems deal with 
bringing sets close to a certain state, rather than the equilibrium state. The desired state of a 
system may be mathematically unstable and yet the system may oscillate sufficiently near this 
state that its performance is acceptable. Many problems fall into this category. Such 
considerations led to the notion of practical stability which is neither weaker nor stronger than 
stability. In this paper, strict practical stability of Impulsive functional differential equations in 
which the state variables on the impulses are related to time delay is considered. By using 
Lyapunov functions and Razumikhin technique, some criteria for strict practical stability for 
functional differential equations, in which the state variables on the impulses are related to the 
time delay, are provided. 

Keywords : impulsive functional differential equation, strict stability, lyapunov function, razumikhin 
technique, time delay. 
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I. Introduction

We can easily see that in the previous works about impulsive functional 
differential equations the authors always suppose that the state variables on the impulses 
are only related to the present state. But in most cases, it is more applicable that the 
state variables on the impulses are also related to the former state. But there are rare 
results about impulsive functional differential equations in which state variable on the 
impulses are related to the time delay. In addition to that strict stability is analogous to  

The impulsive differential equations represent a more natural framework for 
mathematical modeling of many real world phenomena than ordinary differential 
equations. In recent years, significant progress has been made in the theory of impulsive 
differential Impulses can make unstable systems stable, so it has been widely used in 
many fields such as physics, chemistry, biology, population dynamics, industrial robotics 
and so on. The impulsive differential equations represent a more natural framework for 
mathematical modeling of many real world phenomena than ordinary differential 
equations. In recent years, significant progress has been made in the theory of impulsive 
differential equations [3-14]. In addition to that, functional differential equations have a 
wide application in our society. So it is important to study them. There are some results 
on impulsive functional differential equations [5,6,7,8,11,13,14].



Lyapunov’s uniform asymptotic stability. It gives us some information about the 
rate of decay of the solutions. In[1], the authors have explored further the definitions of 
strict stability of differential equations and have gotten some results. In [13] authors have 
gotten some results about the strict stability of impulsive functional differential equations 
in which the state variables on the impulses are not related to the time delay. Moreover, 
in the study of Lyapunov stability, an interesting set of problems deal with bringing sets 
close to a certain state, rather than the equilibrium state. The desired state of a system 
may be mathematically unstable and yet the system may oscillate sufficiently near this 
state that its performance is acceptable. Many problems fall into this category including 
the travel of a space vehicle between two points, an aircraft or a missile which may 
oscillate around a mathematically unstable course yet its performance may be acceptable, 
the problem in a chemical process of keeping the temperature within certain bounds, etc. 
Such considerations led to the notion of practical stability which is neither weaker nor 

practical stability of impulsive functional differential equations in Equations in terms of 
two measures. In [2] authors have gotten some results about strict practical stability of 
delay differential equations.  In this paper, strict practical stability of impulsive functional 
differential equations in which the state variables on the impulses are related to the time 
delay is considered.  

This paper is organized as follows. In Section II, we introduce some basic 
definitions and notations. In Section III, some criteria in the form of theorem for strict 
practical stability of impulsive functional differential equations is obtained in which state 
variables on the impulses are related to the time delay is investigated. Finally, concluding 
remarks are given in Section IV. 

II. PRELIMINARIES 

Consider the following Impulsive functional differential equation in which the state 
variables on the impulses are related to time delay.  

0( ) ( , ),t kx t f t x t t t τ′ = ≥ ≠  

( ) ( ( )) ( ( )), 1, 2,3,......,k k k k kx I x J x kτ τ τ τ− −= + − =       (1) 

Where , [ , ], , [ , ]n n n n
k kx R f C R D R I J C R R+∈ ∈ × ∈ , D is an open set in ([ ,0], ),nPC Rτ−

where τ = constant > 0,  

([ ,0], ) { :[ ,0] , ( )n nPC R R tτ φ τ φ− = − →  is continuous everywhere except a finite 

number of points t̂  at which ˆ( )tφ +  and ˆ( )tφ −  exist and ˆ( )tφ + = ˆ( )tφ − }, ( ,0) 0,f t =  for all 

0 1 2 3, (0) 0, 0,0 ... ..., ,k k k kt R I J τ τ τ τ τ τ∈ ≡ ≡ = < < < < < < →∞  for k →∞  and 

( ) lim ( ), ( ) lim ( )
s t s t

x t x s x t x s+ −
+ −

→ →
= = . 

For each 0, tt t x D≥ ∈  is defined by ( ) ( ), 0.tx s x t s sτ= + − ≤ ≤  For ([ ,0], )nPC Rφ τ∈ −  

1
φ  is defined by 01

sup ,sτφ φ− ≤ ≤=  
2

φ is defined by 02
inf ,sτφ φ− ≤ ≤=  where .  denotes 

the norm of a vector nR . We can see that ( ) 0x t ≡ is a solution of (1) which we call the 
zero solution.  

A function ( )x t  is called a solution of (1) with the initial condition xσ ϕ=  .  Where 

0tσ ≥  and ([ ,0], )nPC Rϕ τ∈ − , the initial value problems of equation (1) is  
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stronger than Lyapunov stability. In [11] authors have gotten some results about the 



0( ) ( , ),t kx t f t x t t t τ′ = ≥ ≠
 

( ) ( ( )) ( ( )), 1, 2,3,......,k k k k kx I x J x kτ τ τ τ− −= + − =
    

xσ ϕ=
   

(2)
 

Throughout this paper we let the following hypothesis hold.

 

(H1) For [ , ],t σ τ σ∈ −

 

the solution ( ; , )x t σ ϕ
 

coincides with the function ( )tϕ σ− .

 

(H2) For each function ( ) :[ , ] nx s Rσ τ− ∞ → , which is continuous everywhere except 

at the point { }kτ at which ( ) , ( )k kx τ τ+ −

 

exist and ( ) ( ), ( , )k k tx x f t xτ τ+ =

 

is continuous for 

almost all [ ),t σ∈ ∞

 

and at the discontinuous points f is right continuous.

 

(H3) ( , )f t φ
 

is Lipschitzian in φ
 

in each compact set in ([ ,0], )nPC Rτ− .

 

(H4) The functions , , 1, 2,...,k kI J k =

 

are such that if , 0kx D I∈ ≠

 

and

 

0kJ ≠ , then
 

( ) ( ( )) .k kI x J x t Dτ+ − ∈

 

Under the hypothesis (H1)–(H2), there is a unique solution of problems(2)
  

through-out ( , ).σ ϕ
 

We are using the following notations:

 

( ) { : },nS x R xρ ρ= ∈ <

 

{ [ , ] : ( )K a C R R a t+ += ∈ is monotone strictly increasing and a(0) = 0},

 

We have following definitions. 

 

Definition 2.1 : The trivial solution of (2) is said to be 

 

1)

 

Strictly practical stable, if for any 0tσ ≥ there exist 1 1( , )Aλ ,

 

1 1Aλ ≤ , we have 1|| ||ϕ λ≤

 

implies 1|| ( ) ||x t A≤

 

for some 0t R+∈ ; and for every 2 1λ λ≤

 

there exist 2 2A λ≤ , such 

that 2|| ||ϕ λ>

 

implies 2|| ( ) ||x t A>

 

for all t σ≥ .

 

2)

 

Uniformly strictly practical stable if (1) holds for all 0t R+∈ .

 

Definition 2.2 : The function 0( ) :[ , ] ( )V x t S Rρ +∞ × → belongs to class 0V

 

if:

 

1)

 

The function V

 

is continuous on each of the sets 1[ , ) ( )k k Sτ τ ρ− ×

 

and for all 0t t≥ , 

( ,0) 0V t ≡ ;

 

2)

 

( , )V t x

 

is locally Lipschitzian in ( )x S ρ∈ ;

 

3)

 

For each 1, 2,...,k=

 

there exist finite limits 

 

( , ) ( )
lim ( , ) ( , )

k
kt y

V t y V x
τ

τ−
−

→
=

 

 

With ( , ) ( , )kV x V t xτ +=

 

satisfied.

  

Definition 2.3 : Let 0V V∈ , for

 

1( , ) [ , ) ( ),k kt x S D Vτ τ ρ +
−∈ × is defined as 

 

( , ( ))D V t x t+

 

1lim sup { ( , ( )) ( , ( ))}x V t x t V t x tδ δ δ
δ→= + + −
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III. MAIN RESULT 

Now we consider the uniformly strict practical stability of the impulsive functional 
differential equation in which the state variables on the impulses are related to the time 
delay. We have the following theorem about the uniform practical stability of the system 
(1). 
Theorem 3.1 Assume that  

(i) There exist 1 10 Aλ< ≤ , 1 1,a b k∈ , 
1 0( , ( ))V t x t vλ ∈ . Such that   

11 1(|| ( ) ||) ( , ( )) (|| ( ) ||)b x t V t x t a x tλ≤ ≤ . 

(ii) For any solution of (1), 
1 1
( , ( )) ( , ( ))V t s x t s V t x tλ λ+ + ≤

 
for [ ,0]s τ∈ −  and 

1
( , ( )) 0D V t x tλ

+ ≤ . 

(iii) For all k Z +∈ , ( )x S ρ∈ .  

1 1 1

1( , ( ( )) ( ( )) [ ( , ( )) ( , ( ))]
2

k
k k k k k k k k k

cV I x J x V x V xλ λ λτ τ τ τ τ τ τ τ τ τ− − − − − −+
+ − ≤ + − − . 

Where 0kc ≥ and 
1

k
k

c
∞

=

< ∞∑ . 

(iv) For any 2 10 λ λ< ≤ , there exist 2 2,a b k∈ , 
2 0( , ( ))V t x t vλ ∈ . Such that  

22 2(|| ( ) ||) ( , ( )) (|| ( ) ||)b x t V t x t a x tλ≤ ≤ . 

(v) For any solution of (1), 2 2
( , ( )) ( , ( ))V t s x t s V t x tλ λ+ + ≥

 
for [ ,0]s τ∈ −  and  

2
( , ( )) 0D V t x tλ

+ ≥ . 

(vi) For all k Z +∈ , ( )x S ρ∈ .  

2
( , ( ( )) ( ( ))k k k k kV I x J xλ τ τ τ τ− −+ −  

2 2

1 [ ( , ( )) ( , ( ))]
2

k
k k k k

d V x V xλ λτ τ τ τ τ τ− − − −−
≥ + − − .  

 Where  0 1kd≤ <  and  
1

k
k

d
∞

=

< ∞∑ . 

Then the trivial solution of (1) is uniformly strictly practical stable.  

Proof : 

Since                                                          
1 1

, .k k
k k

b c
∞ ∞

= =

< ∞ < ∞∑ ∑  

 

It follows that                              
1

1
2

k
k

c M∞

=

+
=∏ and 

1

1
2

k
k

b N∞

=

−
=∏ . 

 

Obviously
 
                                                 1 , 0 1M N≤ ≤ ∞ < ≤ .

 
 

Let 10 A ρ≤ < and 0tσ ≥ be given and 1[ , ]k kσ τ τ−∈  for some k Z +∈ . 

Choose 1 10 Aλ< ≤  such that 1 1 1 1( ) ( )Ma b Aλ < . 
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We claim that 1|| ||ϕ λ≤ implies 1|| ( ) ||x t A<  for t σ≥ . 

Obviously for any [ , ]t σ τ σ∈ − , there exist a [ ,0]θ τ∈ − , Such that 
 

1 1
( , ( )) ( , ( ))V t x t V xλ λ σ θ σ θ= + +

 

1 1 1 1 1(|| ( ) ||) (|| ( ) ||) (|| ( ) ||) ( )a x a x a aσσ θ θ ϕ θ λ≤ + = = ≤ .

 

Then we claim that

 

1 1 1( , ( )) ( )V t x t aλ λ≤ for

 

ktσ τ≤ < .                        

  

(3)

 

In fact, if inequality (3) does not hold, then there exist a ˆ ( , )kt σ τ∈ such that 

 

1 11 1
ˆ ˆ( , ( )) ( ) ( , ( ))V t x t a V xλ λλ σ σ> ≥

 

which implies that there is a ˆ( , )t tσ∈

 

such that

  

1
( , ( )) 0D V t x tλ

+ >        

 

           

   

(4)

 

and 
1 1
( , ( )) ( , ( ))V t s x t s V t x tλ λ+ + ≤

 

for [ ,0]s τ∈ − .

 

By condition (ii), which implies
1
( , ( )) 0D V t x tλ

+ ≤ . This contradict inequality (4) so 

inequality (3) holds. 

 

In view of inequality (3) and condition (iii), we have

 

1 1
( , ( )) ( , ( ( )) ( ( )))k k k k k k kV x V I x J xλ λτ τ τ τ τ τ− −= + −

 

1 1 1 1
1 [ ( , ( )) ( , ( ))] (1 ) ( )

2
k

k k k k k
c V x V x c aλ λτ τ τ τ τ τ λ− − − −+

≤ + − − ≤ +

 

Next we prove that

  

1 1 1( , ( )) (1 ) ( )kV t x t c aλ λ≤ +     for 1k ktτ τ +≤ ≤ .

    

(5)

 

If inequality (5) does not hold, then there is a 1ˆ ( , )k ks τ τ +∈   such that 

 

1 11 1ˆ ˆ( , ( )) (1 ) ( ) ( , ( ))k k kV s x s c a V xλ λλ τ τ> + ≥

 

Which implies that there is a ˆ( , )ks sτ∈

 

such that 

 

1
( , ( )) 0D V s x sλ

+ >

   

                 

 

(6)

 

and

 

1 1
( , ( )) ( , ( ))V s s x s s V s x sλ λ+ + ≤

 

for [ ,0]s τ∈ − .

 

By condition (ii) which implies that

 

1
( , ( )) 0D V s x sλ

+ ≤ . This contradicts inequality 

(6), so inequality (5) holds.

 

In view of inequality (6) and the condition (iii), we have 

 

1 11 1 1 1 1 1 1( , ( )) ( , ( ( )) ( ( )))k k k k k k kV x V I x J xλ λτ τ τ τ τ τ− −
+ + + + + + +

=
+ −

 

1 1

1
1 1 1 1

1 [ ( , ( )) ( , ( ))]
2

k
k k k k

c V x V xλ λτ τ τ τ τ τ− − − −+
+ + + +

+
≤ + − −

 

1 1 1(1 )(1 ) ( )k kc c a λ+≤ + + .
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This together with inequality (3) yields  

1 1 1( , ( )) ( )V t x t Maλ λ≤ . 

From this and condition (i) we have 

11 1 1 1 1(|| ( ) ||) ( , ( )) ( ) ( )b x t V t x t Ma b Aλ λ≤ ≤ ≤ for  t σ≥ . 

 Thus, we have 1|| ( ) ||x t A<

 

for t σ≥ .

 Now, let 2 10 λ λ< ≤ , and Choose 2 20 A λ< ≤

 

such that 2 2 2 2( ) ( )a A Nb λ< .

 Next we claim that 2| ||ϕ λ> implies 2|| ( ) ||x t A>

 

for t σ≥ .

 If this holds then 2 1|| ( ) ||A x t A< <

 

for t σ≥ .

 Obviously for any [ , ]t σ τ σ∈ − , there exist a [ ,0]θ τ∈ − , Such that

  
2 2 2 2 2 2 2( , ( )) ( , ( )) (|| ( ) ||) (|| ( ) ||) (|| ( ) ||) ( )V t x t V x b x b x b bλ λ σσ θ σ θ σ θ θ ϕ θ λ= + + ≥ + = = ≥ .

 Then we claim that

 

2 2 2( , ( )) ( )V t x t bλ λ≥ for ktσ τ≤ < .
  

                                (7)
 

In fact, if inequality (7) does not hold, then there exist a ( , )kt σ τ∈ such that
  

2 22 2( , ( )) ( ) ( , ( ))V t x t b V xλ λλ σ σ< ≤                                                 
 
(8) 

which implies that there is a 1 ( , )t tσ∈
 such that  

2 1 1( , ( )) 0D V t x tλ
+ <

 
                 (9)

 

and 2 21 1 1 1( , ( )) ( , ( ))V t s x t s V t x tλ λ+ + ≥ for [ ,0]s τ∈ − . 

By condition (v), which implies 
2 1 1( , ( )) 0D V t x tλ

+ ≥ . This contradict inequality (9) so 

inequality (8) holds.  

In view of inequality (7) and condition (vi), we have 

2 2 2 2 2 2

1( , ( )) ( , ( ( )) ( ( ))) [ ( , ( )) ( , ( ))] (1 ) ( )
2

k
k k k k k k k k k k k k

dV x V I x J x V x V x d bλ λ λ λτ τ τ τ τ τ τ τ τ τ τ τ λ− − − − − −−
= + − ≥ + − − ≥ −

Next we prove that  

2 2 2( , ( )) (1 ) ( )kV t x t d bλ λ≥ −     for  
1k ktτ τ +≤ ≤ .            (10) 

If inequality (10) does not hold, then there is a 1ˆ ( , )k kr τ τ +∈   such that  

2 22 2ˆ ˆ( , ( )) (1 ) ( ) ( , ( ))k k kV r x r d b V xλ λλ τ τ< − ≤  

Which implies that there is a ˆ( , )kr rτ∈  such that  

2
( , ( )) 0D V r x rλ

+ <                 (11) 

And                                   
1 1
( , ( )) ( , ( ))V s s x s s V s x sλ λ+ + ≤  for  [ ,0]s τ∈ − .  

By condition (v) which implies that
2
( , ( )) 0D V r x rλ

+ ≥ . This contradicts inequality 

(11), so inequality (10) holds. 

In view of inequality (11) and the condition (vi), we have  

6
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2 21 1 1 1 1 1 1( , ( )) ( , ( ( )) ( ( )))k k k k k k kV x V I x J xλ λτ τ τ τ τ τ− −
+ + + + + + += + −

 

2 2

1
1 1 1 1

1 [ ( , ( )) ( , ( ))]
2

k
k k k k

d V x V xλ λτ τ τ τ τ τ− − − −+
+ + + +

−
≥ + − −

 

1 2 2(1 )(1 ) ( )k kd d b λ+≥ − − .

 

By simple induction, we can prove that in general that for k=0,1,2,…

 

2 2 2( , ( )) (1 )...(1 ) ( )k m kV t x t d d bλ λ+≥ − −    for

 

1k m k mtτ τ+ + +≤ < .

 

This together with inequality (7) yields 
2 2 2( , ( )) ( )V t x t Nbλ λ≥ .

 

From this and condition (iv) we have

 

22 2 2 2 2(|| ( ) ||) ( , ( )) ( ) ( )a x t V t x t Nb a Aλ λ≥ ≥ >    for

 

t σ≥ .

 

Thus, we have

 

2|| ( ) ||x t A>

 

for t σ≥ .

 

Thus, the trivial solution of (1) is uniformly strictly practical stable.

 

IV.

 

CONCLUSION

 

In this paper, the strict practical stability of impulsive functional differential 
equations in which the state variables on the impulses are related to the time delay is 
considered. By using Lyapunov functions and Razumikhin technique, we have obtained 
some results for the strict practical stability. Strict practical stability theorem for

 

impulsive functional differential equation have been extended to impulsive functional 
differential equations in which the state variables on the impulses are related to the time 
delay.
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By condition (v) which implies that
2
( , ( )) 0D V r x rλ

+ ≥ . This contradicts inequality 

(11), so inequality (10) holds.
In view of inequality (11) and the condition (vi), we have

Which implies that there is a ˆ( , )kr rτ∈ such that 

2
( , ( )) 0D V r x rλ

+ <             (11)

And                                  
1 1
( , ( )) ( , ( ))V s s x s s V s x sλ λ+ + ≤ for [ ,0]s τ∈ − .

Notes
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The aim of the present paper is an attempt to introduce a new sequence of functions 

( ) ( ){ }M,N;P,Q,R;
nV x;a, k,s / n 0,1,2,...α = in equation (1.15), which involving with the generalized contour integral 

[ ]M,N
P,Q;RI x .

 

By using operational technique, some interesting generating relations and finite summation formulae are 

obtained in sections 2 and 3.

 

These generating relations and finite summation formulae are unified in nature and act as 
key formulae from which, we can obtain as their special cases. For the sake of illustration we record here some special 
cases of our main formulas in section 4, which are also new and known.

  
Keywords

 

: generating function, generalized contour integral, operational techniques.

 I.

 

Introduction

 
Operational techniques have drawn the attention of several researchers in the 

study of sequences of functions and polynomials.

 

In 1956, Chak

 

[1] defined a class of polynomials as,

 ( ) ( ) ( ),

nkn n x k x
n kG x x e x D x eα α α− − + − =                  

  

(1.1)

 
Where k

 

is constant and 0,1,2,..., .dn D
dx

= ≡

  
Gould and Hopper [5] introduced generalized Hermite polynomials in 1962 as,

 ( ) ( ) ( ) ( ), , 1 exp expnr a r n a r
nH x a p x px D x px−  = − − 

    

(1.2)

 Chatterjea [4] studied as a class of polynomials for generalized Laguerre 

polynomials in 1964, 

 
( ) ( ) ( )( ) ( )1 2 11, exp exp

!
nn r r

rnT x p x px x D x px
n

α α α− − − + = − 

   

(1.3)

 In 1968, Singh [16] studied the generalized Truesdell polynomials defined as,

 

 

( ) ( ) ( )( ) ( ), , exp expnr r
nT x r p x px xD x pxα α α−  = − 

   

(1.4)
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.



Srivastava and Singh [19] introduced a general class of polynomials in 1971 as, 

( ) ( ) ( )( ) ( )11, , , exp exp
!

nkn r k r
nG x r p k x px x D x px

n
α α α− − +  = − 

  (1.5) 

In 1971, the Rodrigues formula for generalized Lagurre polynomials is given by 
Mittal [8] as, 

( ) ( ) ( )( ) ( )( )1 exp exp
!

n n
kn k kT x x p x D x p x

n
α α α− + = −     

         (1.6) 

Where ( )kp x  is a polynomial in x  of degree k . 

Mittal [9] also proved following relation for (1.6) as, 

 ( ) ( ) ( )( ) ( )( )1 1 exp exp
!

s n n
kn k s kT x x p x T x p x

n
α α α+ − − −  = − 

   (1.7) 

Where s  is constant and ( )sT x s xD≡ + . 

Recently, Shukla and Prajapati [15] obtained several properties of (1.7). 

Chandel [2] also studied a class of polynomials defined in 1973 as,
 

( ) ( )( ) ( ), , , exp exp
nk r k r

nT x r p x px x D x pxα α α−  = − 
   (1.8) 

In 1974, Chandel [3] established a generalization of polynomial system as, 

( )( ) ( ) ( ) ( ), ,
nhg x hg xk

nG h g x k e x D e− − =  
    (1.9) 

Where ( )g x  is a function of ,x  h  and k  are constants. 

In the same year, Srivastava [14] discussed some operational formulas generalized 
function 

( ) ( ), , , ,r m
nF x a k p

 
in the form,

 

( ) ( ) ( )( ) ( ), , , , exp exp
nr m a r k a km r

nF x a k p x px x D x px− + = − 
   (1.10) 

In 1975, Joshi and Parjapat [6] introduced the a class of polynomial, 

( ) ( ) ( )( ) ( ) ( )( ), , exp exp
!

nk nk
n

xM x a k p x x a xD x p x
n

α
α α

ν ν ν

− −

  = + −   
      (1.11) 

Subsequently in 1975, Patil and Thakare [11] have obtained several formulae and 

generating relation for 

( ) ( ) ( ) ( ) ( ), , , , , exp exp
nr k sn r

nP x r s a k x px x xD x pxα α αλ λ− +  = + −   
      (1.12) 
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In 1979, Srivastava and Singh [17] studied a sequence of functions ( ) ( ); , ,nV x a k sα  

defined as  

( ) ( ) ( ){ } ( ){ }; , , exp exp
!

n
n k k

xV x a k s p x x p x
n

α
α αθ

−

 = −    (1.13) 

By employing the operator ( )ax s xDθ ≡ + , where s  is constant and ( )kp x is a 

polynomial in x  of degree k . 

J.C. Parjapati and N.K. Ahudia [12] introduced the sequence of function defined as, 

( ) ( ) ( )( )( ) ( )( ), , ,1; , , , ; , ;
!

na s
n k x kV x a k s x W p x T x W p x

n
α β δ β βα δ α δ−  = −             (1.14) 

A new sequence of function ( ) ( ){ }, ; , ; ; , , / 0,1, 2,...M N P Q
nV x a k s nα =  is introduced in this 

paper as, 

( ) ( ) ( ) ( ) ( ), ; , , ; , , ,
, ; , ;

1; , ,
!

α α α−  = −       
nM N P Q R M N a s M N

n P Q R k x P Q R kV x a k s x I p x T x I p x
n

      (1.15) 

Where ( ), ,a s a
x

dT x s xD D
dx

≡ + ≡ , a  and s  are constants, 0β ≥ , k  is finite and 

non-negative integer, ( )kp x  is a polynomial in x  of degree k and [ ]M,N
P,Q;RI x is I-function, 

defined and represented in the following manner [13]: 

 
( ) ( )
( ) ( )

( ),
, ;

, , , 11, 1,
2, , ,

1, 1,

α α
ξφ ξ ξ

πβ β

 
 + = ∫ 
 + 

M N
P Q R

a aj j ji jiN N Piz z d
ib bj j ji ji LM M Qi

I

                               
(1.16)

 

 

   

 

( )
( ) ( )

( ) ( )

1
1 1

1
1 1 1

β ξ α ξ

φ ξ

β ξ α ξ

Γ − Γ − +∏ ∏
= =

=
 
 Γ − + Γ −∑ ∏ ∏
 = = + = + 

M N
b aj j j j

j j
Q PR i i

b aji ji ji ji
i j M j N             

 
      

 

(1.17)

 

and , , ,i iM N P Q
 
are integers satisfy ( )0 ,1 1,...,≤ ≤ ≤ ≤ =i iN P M Q i R , R  is finite, 

, , ,α β α βj j ji ji
 
are positive numbers and , , ,j j ji jia b a b

 
are complex numbers. I-function 

which is a generalized form of the well known Fox’s H-function [18]. In the sequel the I-

function will be studied under the following conditions of existence:
 

(I) 0, arg
2
π

> < i
i

AA z      (1.18) 
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.
S
ri
v
as

ta
v
a,

 A
. 
N

. 
an

d
 S

in
gh

, 
S
. 
N

.,
 (

19
79

) 
S
om

e 
ge

n
er

at
in

g 
re

la
ti
on

s 
co

n
n
ec

te
d
 w

it
h
 a

 
fu

n
ct

io
n
 
d
ef

in
ed

 
b
y
 
a 

G
en

er
al

iz
ed

 
R

od
ri
gu

es
 
fo

rm
u
la

, 
In

d
ia

n
 
J
. 

P
u
re

 
A

p
p
l.
 
M

at
h
.,
 

10
(1

0)
, 
13

12
-1

31
7.



(II) 0, arg
2
π

≥ ≤ i
i

AA z   and Re( 1) 0+ <B    (1.19) 

Where
1 1 1 1

, (1, 2,..., )α α β β
= = + = = +

= − + − ∀ =∑ ∑ ∑ ∑
i iP QN M

i j ji j ji
j j N j j M

A i R                   (1.20) 

And ( ) ( )
1 1 1 1

1 , 1, 2,...,
2= = + = = +

= + − − + − ∀ =∑ ∑ ∑ ∑
i iQ PM N

j ji j ji i i
j j M j j N

B b b a a P Q i R                  (1.21)    

Some generating relations and finite summation formulae of class of polynomials or 

sequence of function have been obtained by using the properties of the differential 

operators.  ( ) ( ), ,1, 1a s a a a
x xT x s xD T x xD≡ + ≡ + , where 

dD
dx

≡ , is based on the work of 

Mittal [10], Patil and Thakare [11], Srivastava and Singh [17]. 

Some useful Operational Techniques are given below: 

( ) ( )( ) ( ) ( )( )1/,exp 1 1
s aa s a aa

xtT x f x x ax t f x ax t
β

β β
+ − − 

 = − −      (1.22) 

( ) ( )( ) ( ) ( )( )1 1/,exp 1 1
s aa s an a

xtT x f x x at f x at
α

α α
+ − +−  

 = + +    (1.23) 

( ) ( ) ( ) ( )( ) ( ), , ,1

0

n n m ma s a s a
x x x

m

n
T xuv x T v T u

m

∞ −

=

 
=  

 
∑     (1.24) 

( )( )( )( ) ( ) 1 11 1 1 2 1 3 ... 1 ( 1) m

m

xD a xD a xD a xD m a xD x a x
a

β ββ− −+ + + + + + + + − +  =  
    

(1.25)

 

  

( ) ( ) ( )
0

1 1
!

m

a a

m m

at
at at

a m

α β α β∞− −

=

− − = −  
 

∑

    

(1.26)

 
II.

 

Generating Relations

 ( ) ( ) ( ) ( )( ) ( )( )( ), ; , , ;

0

1/, ,
, ; , ;

; , , 1 1
α α∞

−

=

+ − − 
 = − − −∑ M N P Q R an n

n
n

s aM N M Na
P Q R k P Q R k

V x a k s x t at I p x I p x at
  

  

(2.1)

 
( ) ( ) ( ) ( )( ) ( )( )( ), ; , , ;

0

1 1/, ,
, ; , ;; , , 1 1α

α∞
− −

=

+ − + 
 = + − +∑ M N P Q R an an n

n
n

s aM N M Na
P Q R k P Q R kV x a k s x t at I p x I p x at

  

(2.2)
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( ) ( )

( ) ( )( )
( )( )( )

( ) ( )( )

, ; , , ;

0

,
1/, ; , ; , , ;

1/,
, ;

; , ,

1 1 ; , ,
1

α

α
α

∞

=

+ − − 
 

−

+ 
 
 

= − −
−

∑ M N P Q R n
n

n

M Ns aP Q R k M N P Q Ra
naM N

P Q R k

m n
V x a k s t

m

I p x
at V x at a k s

I p x at

         (2.3)

17.
S
riv

astav
a, A

. N
. an

d
 S

in
gh

, S
. N

., (1979) S
om

e gen
eratin

g relation
s con

n
ected

 w
ith

 a 
fu

n
ction

 
d
efin

ed
 
b
y
 
a 

G
en

eralized
 
R

od
rigu

es 
form

u
la, 

In
d
ian

 
J
. 

P
u
re 

A
p
p
l. 

M
ath

., 
10(10), 1312-1317.



  

Proof of (2.1)

 

From (1.15), we consider

 

( ) ( ) ( ) ( ), ; , , ; , , ,
, ; , ;

0
; , , ( ) exp( ) ( )α α α

∞
−

=

 = − ∑ M N P Q R n M N a s M N
n P Q R k x P Q R k

n
V x a k s t x I p x tT x I p x           (2.4)

 

Using operational technique (1.22), above equation (2.4) reduces to:

 

( ) ( )

( ) ( )( )

, ; , , ;

0

, , 1/
, ; , ;

; , ,

( ) (1 ) (1 )

α

α
α α

∞

=

+ − − − = − − −

∑ M N P Q R n
n

n

s
M N a M N a aa
P Q R k P Q R k

V x a k s t

x I p x x ax t I p x ax t

( ) ( )( ), , 1/
, ; , ;(1 ) ( ) (1 )

α+ −  − = − − −
s

a M N M N a aa
P Q R k P Q R kax t I p x I p x ax t

   

  (2.5)

 

And replacing t

 

by atx− ,  this gives

 

(2.1).

 

Proof of (2.2)

 

Again from (1.15), we have

 

( ) ( ) ( ) ( ), ; , , ; , , ,
, ; , ;

0
; , , ( ) exp( ) ( )α α α

∞
−− − −

=

 = − ∑ M N P Q R anan n M N a s an M N
n P Q R k x P Q R k

n
x V x a k s t x I p x tT x I p x

 
          

      

 

(2.6)

 

applying the operational technique (1.23), we get

 

( ) ( )

( ) ( ) ( )( )

, ; , , ;

0

1 1/, ,
, ; , ;

; , ,

( ) 1 1

α

α
α α

∞
−−

=

+
−−  = + − +

 

∑ M N P Q R anan n
n

n

s aM N M Na
P Q R k P Q R k

x V x a k s t

x I p x x at I p x at

      
( ) ( ) ( )( )1 1/, ,

, ; , ;1 ( ) 1
α+

−  = + − +
 

s aM N M Na
P Q R k P Q R kat I p x I p x at

 

                                                      
(2.7)

 

This proves (2.2).

 

Proof of (2.3)

 

We can write (1.15) as,

 

( ) ( ) ( ), ; , , ;, ,
, ; ,

, ;

1( ( )) ! ; , ,
( ( ))

αα α − = 
n M N P Q Ra s M N

x P Q R k nM N
P Q R k

T x I p x n x V x a k s
I p x

   

(2.8)

 

Or
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( )( ) ( ){ }, , ,
, ;exp ( ( ))α − 

na s a s M N
x x P Q R kt T T x I p x

Notes



( ) ( ) ( ), ; , , ;,
,

, ;

1!exp ; , ,
( ( ))

αα α 
=  

  

M N P Q Ra
x nM N

P Q R k

n tT x V x a k s
I p x

 

( )

( ) ( ) ( )

, ,
, ;

0

, ; , , ;,
,

, ;

( ( ))
!

1!exp ; , ,
( ( ))

α

αα

∞ +

=

 − 

 
=  

  

∑
m m na s M N

x P Q R k
m

M N P Q Ra s
x nM N

P Q R k

t T x I p x
m

n T x V x a k s
I p x

                
(2.9) 

Using the operational technique (1.20), above equation can be written as: 

( )

( )
( )( )( )

( ) ( )( )

, ,
, ;

0

1/, ; , , ;
1/,

, ;

( ( ))
!

1! 1 1 ; , ,
1

α

α
αα

∞ +

=

+ − − 
 

−

 − 

= − −
−

∑
m m na s M N

x P Q R k
m

s aM N P Q Ra aa
naM N a

P Q R k

t T x I p x
m

n x ax t V x ax t a k s
I p x ax t

 

(2.10) 

use of (2.8) gives  

( ) ( ) ( )

( )
( )( )

( ) ( )( )

, ; , , ;
,

0 , ;

1/, ; , , ;

1/,
, ;

! 1 ; , ,
! ! ( ( ))

11 1 ; , ,
1

αα

α
αα

∞

+
=

+ − − 
 

−

+

= − −
 −  

∑
m

M N P Q R
m nM N

m P Q R k

s aM N P Q Ra aa
naM N a

P Q R k

t m n
x V x a k s

m n I p x

x ax t V x ax t a k s
I p x ax t

 

(2.11)

 

Therefore

 

( ) ( )

( )
( )( )( )

( ) ( )( )

, ; , , ;

0

,
1/, ; , ; , , ;

1/,
, ;

; , ,

( ( ))
1 1 ; , ,

1

α

α
α

∞

+
=

+ − − 
 

−

+ 
 
 

= − −
−

∑ M N P Q R m
m n

m

M Ns aP Q R k M N P Q Ra aa
naM N a

P Q R k

m n
V x a k s t

n

I p x
ax t V x ax t a k s

I p x ax t

 

(2.12)

 

And replacing t

 

by atx− , 

 

this gives the result (2.3).

 

 

III.

 

Finite Summation Formulae

 

( ) ( ) ( ) ( ) ( ), ; , , ; , ; , , ;0

0

1; , , ; , ,
!

α α∞

−
=

 =  
 

∑
mM N P Q R M N P Q Ra

n n m
m m

V x a k s a x V x a k s
m a

    

(3.1)
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Notes



( ) ( ) ( ) ( ) ( ), ; , , ; , ; , , ;

0

1; , , ; , ,
!

α βα β∞

−
=

− =  
 

∑
mM N P Q R M N P Q Ra

n n m
m m

V x a k s a x V x a k s
m a    (3.2)  

 Proof of (3.1) 
 From equation (1.15), we have:

 

( ) ( ) ( )( ) ( )( ) ( )( ), ; , , ; ,, 1 ,
, ; , ;

1; , ,
!

α α α− − = − 
nM N P Q R a sM N M N

n P Q R k x P Q R kV x a k s x I p x T xx I p x
n   

(3.3) 

Using the operational technique (1.24), we have: 

( ) ( )

( )( ) ( )( ) ( )( ) ( ) ( )

, ; , , ;

,, , ,1 1
, ; , ;

0

; , ,

1
!

α

α α
−

− −

=

 
 = −    

∑

M N P Q R
n

n n m ma sM N M N a
P Q R k x P Q R k x

m

V x a k s

n
x I p x x T I p x T x

mn

 

( )( ) ( )
( )

( ) ( )( ) ( )( )

( )( ) ( )( )( ) ( )( ) ( )

,
, ;

0

, 1
, ;

1 !
! ! !

2 ... 1

1 1 1 2 ... 1 1

α

α

−−

=

−

= ×
−

 + + + + + + − − + × 

   − + + + + + + − +   

∑
n

a n mM N
P Q R k

m

M N am
P Q R k

nx I p x x x
n m n m

s xD s a xD s a xD s n m a xD

I p x x xD a xD a xD m a xD x
 

           
(3.4)

 

Using the result (1.24), we have:
 

( )( ) ( ) ( ) ( )( )
1

, ,
, ; , ;

0 0

1
! !

α− −

= =

  = + + −   −  
∑ ∏

n mn
M N a n M N m
P Q R k P Q R k

m i m

I p x x s ia xD I p x a
m n m a   (3.5)

 

Put 0α =
 
and replacing n

 
by n m−

 
in (3.3), we get:

 

( ) ( ) ( ) ( )( )( ) ( )( ), ; , , ;0 , , ,
, ; , ;

1; , ,
!

−

−  = − −
n mM N P Q R M N a s M N

n m P Q R k x P Q R kV x a k s I p x T I p x
n m

 

( ) ( ) ( )( ) ( )( )
( ) ( ), ; , , ;0, ,

, ; ,
, ;

1 1 ; , ,
!

−

− ⇒ − = −
n m M N P Q Ra s M N

x P Q R k n mM N
P Q R k

T I p x V x a k s
n m I p x  (3.6) 

This gives

 

( ) ( ) ( )( ) ( )

( )( )
( ) ( )

1
,

, ;
0

, ; , , ;0
,

, ;

1
!

1 ; , ,
− −

=

−
−

 + + − −
=∏

n m
M N
P Q R k

i

a m n M N P Q R
n mM N

P Q R k

s ia xD I p x
n m

x V x a k s
I p x                  

(3.7)

 

From equation (3.5) and (3.7) we have the main the result.
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Applying the (1.21) in equation (3.8), we have:

 
 

( ) ( )

( )( ) ( ) ( )( )( )

, ; , , ;

0

1/, ,
, ; , ;

; , ,

1 1

α

α
α α

∞

=

+ − − −  = − − −

∑ M N P Q R n
n

n

s aM N a M N aa
P Q R k P Q R k

V x a k s t

x I p x x ax t I p x ax t

  

   
( ) ( )( ) ( )( )( )1/, ,

, ; , ;1 1
α+ − − 
 = − − −

s aa M N M N aa
P Q R k P Q R kax t I p x I p x ax t

         
                             

(3.9)

 

Applying the result from equation (1.26); equation (3.9) reduces to:

 

( ) ( ) ( )( ) ( )( )( )1/, ,
, ; , ;

0
1 1

!

β α β+  ∞− − 
 

=

− = − − − 
 

∑
mas aa M N M N aa

P Q R k P Q R k
m m

ax t
ax t I p x I p x ax t

a m

 

( ) ( )( ) ( ) ( )( )

( ) ( )( )( ) ( )( )

( )
( ) ( )( )( )

, , ,
, ; , ;

0

, , ,
, ; , ;

0 0

, ,
, ;

0 0

exp
!

! !

! !

β β

β β

β β

α β

α β

α β

∞
−

=

+∞ ∞
−

= =

∞ −−

= =

−   = −    

−   = −    

− =   − 

∑

∑∑

∑∑

ma
M N a s M N
P Q R k x P Q R k

m m

ma n m
nM N a s M N

P Q R k x P Q R k
m n m

ma nn n mM N a s
P Q R k x

n m m

ax t
x I p x T x I p x

a m

ax t
x I p x T x I p x

a m n

ax t
x I p x T x I

a m n m
( )( ),

, ; − 
M N
P Q R kp x

 

(3.10)

 

Now equating the coefficient of nt

 

, we get:

 

( ) ( )

( )
( ) ( )( )( ) ( )( )

, ; , , ;

, , ,
, ; , ;

0

; , ,

! !

α

β βα β −−

=

−   = −   − 
∑

M N P Q R
n

man n mM N a s M N
P Q R k x P Q R k

m m

V x a k s

ax
x I p x T x I p x

a m n m

   

(3.11)

 

Using the equation (1.15) in (3.11) we have the result (3.2).
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( ) ( ) ( )( ) ( )( ) ( )( ), ; , , ; ,, ,
, ; , ;

0
; , , expα α α

∞
−

=

 = − ∑ M N P Q R a sn M N M N
n P Q R k x P Q R k

n
V x a k s t x I p x T x I p x    (3.8)

Equation (1.15) can be written as:

Proof of (3.2)

Notes



( ) ( )

( ) ( )( ) ( )( )( )

, ; , ,1;

0

1 1/, ,
, ,

; , ,

1 1

α

α

∞
− −

=

+ − + 
 = + − +

∑ M N P Q an an n
n

n

s aM N M Na
P Q k P Q k

V x a k s x t

at H p x H p x at

 

                (4.2)

 

( ) ( )

( ) ( )( )
( )( )( )

( ) ( )( )

, ; , ,1;

0

,
1/, , ; , ,1;

1/,
,

; , ,

1 1 ; , ,
1

α

α
α

∞

=

+ − − 
 

−

+ 
 
 

= − −
−

∑ M N P Q n
n

n

M Ns aP Q k M N P Qa
naM N

P Q k

m n
V x a k s t

m

H p x
at V x at a k s

H p x at

 

        (4.3)

 

b)

 

If we put 1; 1α β= = =j jR , then the I-function reduces to general type of G-function 

[7] i.e. 
( ) ( )
( ) ( )

( )
( )

1,1, 1,, ,
, ; ,

1, 1, 1,

,1,1 , ,1

,1 , ,1 ,1
+

+

  
   =   

      

jj j pN N PM N M N
P Q R P Q

j j jM M Q q

aa a
I z G z

b b b
, the equation (2.1), (2.2) and 

(2.3) takes the following form:

 

( ) ( )

( ) ( )( ) ( )( )( )

, ; , ,1;

0

1/, ,
, ,

; , ,

1 1

α

α

∞
−

=

+ − − 
 = − − −

∑ M N P Q an n
n

n

s aM N M Na
P Q k P Q k

V x a k s x t

at G p x G p x at
  

  

     (4.4)

 

( ) ( )

( ) ( )( ) ( )( )( )

, ; , ,1;

0

1 1/, ,
, ,

; , ,

1 1

α

α

∞
− −

=

+ − + 
 = + − +

∑ M N P Q an an n
n

n

s aM N M Na
P Q k P Q k

V x a k s x t

at G p x G p x at

   

      (4.5)
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( ) ( )

( ) ( )( ) ( )( )( )

, ; , ,1;

0

1/, ,
, ,

; , ,

1 1

α

α

∞
−

=

+ − − 
 = − − −

∑ M N P Q an n
n

n

s aM N M Na
P Q k P Q k

V x a k s x t

at H p x H p x at
              (4.1)

IV. Special Cases

a) If we put 1,=R I-function reduces to Fox’s H-function [18, p. 10, Eqn. (2.1.1)], then 

the equation (2.1), (2.2) and (2.3) takes the following form:

7.
M

ei
je

r,
 C

.S
.,
 O

n
 t

h
e 

G
-f
u
n
ct

io
n
, 
P

ro
c.

 N
at

. 
A

ca
d
. 
W

et
en

sc
h
, 
49

, 
p
. 
22

7 
(1

94
6)

.



( ) ( )

( ) ( )( ) ( )( )( )

, ;

0

1/

; , ,

1 1

α

α

ψ ψ

∞
−

=

+ − − 
 = − − −

∑ P Q an n
n

n

s a
a

P Q k P Q k

V x a k s x t

at p x p x at
  

  

(4.7)

 

( ) ( )

( ) ( )( ) ( )( )( )

, ;

0

1 1/

; , ,

1 1

α

α

ψ ψ

∞
− −

=

+ − + 
 = + − +

∑ P Q an an n
n

n

s a
a

P Q k P Q k

V x a k s x t

at p x p x at

  

     

(4.8)

 

( ) ( )

( ) ( )( )
( )( )( )

( ) ( )( )

, ;

0

1/, ;

1/

; , ,

1 1 ; , ,
1

α

α
αψ

ψ

∞

=

+ − − 
 

−

+ 
 
 

= − −
−

∑ P Q n
n

n

s aP Q k P Qa
na

P Q k

m n
V x a k s t

m

p x
at V x at a k s

p x at

  

(4.9)

 

d)

 

The interesting special cases/relationships between (1.15) and class of polynomials 

(1.1)-(1.14) can also be obtained for appropriate values of parameters α, a, k, s and 
those of involving in I-function.
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( )

1, 1,1,
, 1;1
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1 , ,
; ,

0,1 , 1 , ,

α α
ψ

β β
+

   −
   = −   −    

j j j jP Pp
p q P Q

j j j jQ Q

a a
I z z

b b
the equation (2.1), (2.2) and 

(2.3) takes the following form:
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0
; , ,α
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+ 
 
 

∑ M N P Q n
n

n

m n
V x a k s t

m

( ) ( )( )
( )( )( )

( ) ( )( )
,

1/, , ; , ,1;
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Let A denote the class of functions f(z) of the form

f(z) = z +
∞∑
k=2

akz
k (1.1)

which are analytic in the unit disc E = {z : |z| < 1}.Let S denote the
subclass of A consisting of univalent functions f(z) in E.

Let A(ω) ⊂ A denote the class of functions of the form

f(z) = (z − ω) +
∞∑
k=2

ak(z − ω)k (1.2)

which are analytic in the unit disk E = {z : |z| < 1} and normalised with

f(ω) = 0 and f ′(ω)− 1 = 0 and ω is a fixed point in E.

Let B(ω, α, λ) and Q(ω, α, λ) denote the class of analytic function of order

α in E defined as follows:

S(ω) = {f ∈ A(ω) : f is univalent in E}

B(ω, α, λ) =

{
f ∈ S(ω) : Re

(
λ(z − ω)2f ′′(z) + (z − ω)f ′(z)

(1− λ)f(z) + λ(z − ω)f ′(z)

)
> α , 0 ≤ λ ≤ 1, 0 ≤ α < 1,

z ∈ E
}

Abstract - Introduction of new subclasses         and           of analytic functions with negative co-efficents
defined in the unit disk. We estimate some properties of functions in these classes and obtain Co-efficient bounds, 
Neighbourhood and Integral means inequality for the function f(z) under these classes.

K(ω, α, λ H(ω, α, λ

((

Notes
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Q(ω, α, λ) =

{
f ∈ S(ω) : Re

(
λ(z − ω)3f ′′′(z) + (1 + 2λ)(z − ω)2f ′′(z) + (z − ω)f ′(z)

λ(z − ω)2f ′′(z) + (z − ω)f ′(z)

)
> α ,

0 ≤ λ ≤ 1, 0 ≤ α < 1, z ∈ E
}

Let T (ω) denote subclass of S(ω) whose elements can be expressed in the
form

f(z) = (z − ω)−
∞∑
k=2

ak(z − ω)k. (1.3)

Here we denote by H(ω, α, λ) and K(ω, α, λ) respectively the subfamilies of

B(ω, α, λ) and Q(ω, α, λ) obtained by taking intersection of B(ω, α, λ) and

Q(ω, α, λ) with T (ω) that is,

H(ω, α, λ) = B(ω, α, λ) ∩ T (ω),

and
K(ω, α, λ) = Q(ω, α, λ) ∩ T (ω).

Also let P (ω) ⊂ P (class of Cartheodory functions) denote the class of
functions of the form

Pω(z) = 1 +
∞∑
k=1

Bk(z − ω)k (1.4)

that are regular in E and satisfy Pω(ω) = 1, RePω(z) > 0 for z ∈ E and ω is
a fixed point in E and

|Bk| ≤
2

(1 + d)(1− d)k
, k≥ 1 , d = |ω|.

For our main results we first derive the following:
Lemma2.1. A function f(z) ∈ T (ω) is in the class H(ω, α, λ) if and only

if
∞∑
k=2

(k − α)(1− d)k−1(1− λ+ λk)ak ≤ 1− α. (2.1)

The result is sharp.
Proof . Assume that the inequality (2.1) holds and let |z−ω| = 1−d < 1

then we have∣∣∣∣λ(z − ω)2f ′′(z) + (z − ω)f ′(z)

(1− λ)f(z) + λ(z − ω)f ′(z)
− 1

∣∣∣∣ =

∣∣∣∣−∑∞k=2(k − 1)ak(z − ω)k−1(1− λ+ λk)

1−
∑∞

k=2 ak(z − ω)k−1(1− λ+ λk)

∣∣∣∣
≤
∑∞

k=2(k − 1)ak(1− d)k−1(1− λ+ λk)

1−
∑∞

k=2 ak(1− d)k−1(1− λ+ λk)

≤ 1− α.

II. Co-efficient Estimates

Notes
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This shows that the values of
λ(z−ω)2f ′′(z)+(z−ω)f ′(z)

(1−λ)f(z)+λ(z−ω)f ′(z)
lie in the circle centered at

γ = 1 whose radius is 1− α. Hence f(z) is in the class H(ω, α, λ). Then

Re

(
λ(z − ω)2f ′′(z) + (z − ω)f ′(z)

(1− λ)f(z) + λ(z − ω)f ′(z)

)
= Re

(
1−

∑∞
k=2 k(1− λ+ λk)ak(z − ω)k−1

1−
∑∞

k=2(1− λ+ λk)ak(z − ω)k−1

)
> α. (2.2)

for z ∈ E and ω is a fixed point in E. Choose values of z on the real axis so

that
λ(z−ω)2f ′′(z)+(z−ω)f ′(z)
(1−λ)f(z)+λ(z−ω)f ′(z)

is real.Upon clearing the denominator and letting

z → 1− through real values, we have

α 1−
∞∑
k=2

ak(1− d)k−1(1− λ+ λk)

)
≤ 1−

∞∑
k=2

k(1− λ+ λk)ak(1− d)k−1

(2.3)

)

which is the required result.
Finally, we note that the assertion (2.1) of lemma 2.1 is sharp, with the

external function

f(z) = (z − ω)− 1− α
(k − α)(1− λ+ λk)(1− d)k−1

(z − ω)k. (2.4)

Corollary 2.2 Letf(z) ∈ T (ω) be in the class H(ω, α, λ). Then we have

ak ≤
1− α

(k − α)(1− λ+ λk)(1− d)k−1
. (2.5)

Equality in (2.5) holds true for the function f(z) given by (2.4).

Lemma 2.3. A function f(z) ∈ T (ω) is in the class K(ω, α, λ) if and
only if

∞∑
k=2

k(k − α)(1− d)k−1(1− λ+ λk)ak ≤ 1− α. (2.6)

The result is sharp.

Proof . Assume that the inequality (2.1) holds and let |z−ω| = 1−d < 1
then we have∣∣∣∣λ(z − ω)3f ′′′(z) + (1 + 2λ)(z − ω)2f ′′(z) + (z − ω)f ′(z)

λ(z − ω)2f ′′(z) + (z − ω)f ′(z)
− 1

∣∣∣∣

.

Notes
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=

∣∣∣∣−∑∞k=2 k(k − 1)ak(z − ω)k−1(1− λ+ λk)

1−
∑∞

k=2 kak(z − ω)k−1(1− λ+ λk)

∣∣∣∣
≤
∑∞

k=2 k(k − 1)ak(1− d)k−1(1− λ+ λk)

1−
∑∞

k=2 kak(1− d)k−1(1− λ+ λk)
≤ 1− α.

This shows that the values of
λ(z−ω)3f ′′′(z)+(1+2λ)(z−ω)2f ′′(z)+(z−ω)f ′(z)

λ(z−ω)2f ′′(z)+(z−ω)f ′(z)
lie in the

circle centered at γ = 1 whose radius is 1 − α. Hence f(z) is in the class

K(ω, α, λ). Then

Re

(
λ(z − ω)3f ′′′(z) + (1 + 2λ)(z − ω)2f ′′(z) + (z − ω)f ′(z)

λ(z − ω)2f ′′(z) + (z − ω)f ′(z)

)

= Re

(
1−

∑∞
k=2 k

2(1− λ+ λk)ak(z − ω)k−1

1−
∑∞

k=2 k(1− λ+ λk)ak(z − ω)k−1

)
> α (2.7)

for z ∈ E and ω is a fixed point in E. Choose values of z on the real axis so that
λ(z−ω)3f ′′′(z)+(1+2λ)(z−ω)2f ′′(z)+(z−ω)f ′(z)

λ(z−ω)2f ′′(z)+(z−ω)f ′(z)
is real.Upon clearing the denominator

and letting z → 1− through real values, we have

α 1−
∞∑
k=2

kak(1− d)k−1(1− λ+ λk)

)
≤ 1−

∞∑
k=2

k2(1−λ+λk)ak(1−d)k−1

(2.8)
which is the required result.

Finally, we note that the assertion (2.6) of Lemma 2.3 is sharp, with the

external function

f(z) = (z − ω)− 1− α
k(k − α)(1− λ+ λk)(1− d)k−1

(z − ω)k. (2.9)

Corollary 2.4 Letf(z) ∈ T (ω) be in the class K(ω, α, λ). Then we

have

ak ≤
1− α

k(k − α)(1− λ+ λk)(1− d)k−1
. (2.10)

Equality in (2.10) holds true for the function f(z) given by (2.9).

Theorem 2.5. Let f(z) ∈ H(ω, α, λ) and f(z) = (z−ω)− a2(z−ω)2− · · ·
for 0 ≤ α < 1, and ω is a fixed point in E. Then

(

|a2| ≤
−2(1− α)

(1 + λ)(1− d2)
, (2.11)

.

Notes
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|a3| ≤
−1

1 + 2λ

[
1− α

(1− d)(1− d2)
+

2(1− α)2

(1− d2)2

]
,

|a4| ≤
−1

1 + 3λ

[
2(1− α)

3(1 + d)(1− d)3
+

2(1− α)2

(1− d)(1− d2)2
+

4(1− α)3

3(1− d2)3

]
.

Proof . Let us define

λ(z − ω)2f ′′(z) + (z − ω)f ′(z)

(1− λ)f(z) + λ(z − ω)f ′(z)
= α + (1− α)Pω(z). (2.12)

That is,

λ(z−ω)2f ′′(z)+(z−ω)f ′(z) = [(1−λ)f(z)+λ(z−ω)f ′(z)][α+(1−α)
∞∑
k=1

Bk(z−ω)k].

(2.13)
On comparing the coefficient in(2.13)the result follow.

We define the δ-neighbourhood of the function f(z) ∈ T (ω) by

Nδ = {g ∈ T (ω) : g(z) = (z − ω)−
∞∑
k=2

bk(z − ω)k,
∞∑
k=2

k(1− d)k−1|bk| ≤ δ},

(2.14)
and in particular, for the identity function

e(z) =
(

1− ω

z

)
z, (2.15)

we immediately have

Nδ(e) = {g ∈ T (ω) : g(z) = (z−ω)−
∞∑
k=2

bk(z−ω)k,
∞∑
k=2

k(1−d)k−1|bk| ≤ δ}.

(2.16)

Theorem 2.6. Let f(z) ∈ K(ω, α, λ) and f(z) = (z−ω)− a2(z−ω)2− · · ·
for 0 ≤ α < 1, and ω is a fixed point in E. Then

|a2| ≤
−(1− α)

(1 + λ)(1− d2)
, (2.17)

|a3| ≤
−1

1 + 2λ

[
1− α

3(1− d)(1− d2)
+

2(1− α)2

3(1− d2)2

]
,

|a4| ≤
−1

1 + 3λ

[
1− α

6(1 + d)(1− d)3
+

(1− α)2

2(1− d)(1− d2)2
+

(1− α)3

3(1− d2)3

]
.

Notes
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Proof . Let us define

λ(z − ω)3f ′′′(z) + (1 + 2λ)(z − ω)2f ′′(z) + (z − ω)f ′(z)

λ(z − ω)2f ′′(z) + (z − ω)f ′(z)
= α+ (1− α)Pω(z). (2.18)

That is,

λ(z−ω)3f ′′′(z)+(1+2λ)(z−ω)2f ′′(z)+(z−ω)f ′(z) = [λ(z−ω)2f ′′(z)+(z−ω)f ′(z)]

[α + (1− α)
∞∑
k=1

Bk(z − ω)k (2.19)

comparing the coefficients we get the required result.

From (2.14) and (2.15) we immediately have

Nδ(e) = {g ∈ T (ω) : g(z) = (z−ω)−
∞∑
k=2

bk(z−ω)k,
∞∑
k=2

k2(1−d)k−1|bk| ≤ δ}.

(2.20)

Theorem 2.7. H(ω, α, λ) ⊂ Nδ(e) where δ = 2(1−α)
(2−α)(1−d)(1+λ) .

(k − α)(1 + λ)(1− d)k−1 is an increasing function of k(k ≥ 2), we have

(1−d)(1+λ)(2−α)
∞∑
k=2

ak ≤
∞∑
k=2

(k−α)(1−λ+λk)(1−d)k−1ak ≤ 1−α, (2.21)

which immediately yields

∞∑
k=2

ak ≤
1− α

(2− α)(1− d)(1 + λ)
. (2.22)

On the other hand, we also find from(2.3) that

(1−d)
∞∑
k=2

kak(1−λ+λk)−α(1−d)
∞∑
k=2

ak(1−λ+λk) ≤
∞∑
k=2

(k−α)ak(1−d)k−1(1−λ+λk)

≤ 1− α. (2.23)

From (2.22) and (2.23), we have

(1− d)(1 + λ)
∞∑
k=2

kak ≤ (1− α) + α(1− d)(1 + λ)
∞∑
k=2

ak (2.24)

[

Proof . Let f(z) ∈ H( ). Then in view of lemma 2.1, sinceω, α, λ

Notes



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

27

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

X
II

 I
ss
ue

  
  
 e

rs
io
n 

I
V

I
Y
ea

r
  

2 0
13

© 2013   Global Journals Inc.  (US)

  
 F
)

)
Certain New Subclasses of Analytic Univalent Functions in the Unit Disk

≤ (1− α) +
α(1− α)

(2− α)

≤ 2(1− α)

2− α
.

∞∑
k=2

kak ≤
2(1− α)

(2− α)(1− d)(1 + λ)
. (2.25)

which proved the theorem.

Theorem 2.8. K(ω, α, λ) ⊂ Nδ(e) where δ =
1−α

(2−α)(1−d)(1+λ) .

Proof . Let f(z) ∈ K(ω, α, λ). Then in view of lemma 2.3, since

k(k − α)(1− λ+ λk)(1− d)k−1 is an increasing function of k(k ≥ 2), we

have

2(1− d)(1 +λ)(2−α)
∞∑
k=2

ak ≤
∞∑
k=2

k(k−α)(1−λ+λk)(1− d)k−1ak ≤ 1−α,

(2.26)

which immediately yields

∞∑
k=2

ak ≤
1− α

2(2− α)(1− d)(1 + λ)
. (2.27)

On the other hand, we also find from(2.8) that

2(1−d)(1+λ)
∞∑
k=2

kak−2α(1−d)(1+λ)
∞∑
k=2

ak ≤
∞∑
k=2

k(k−α)(1−d)k−1ak(1−λ+λk)

≤ 1− α. (2.28)

From (2.27) and (2.28), we have

2(1− d)(1 + λ)
∞∑
k=2

kak ≤ (1− α) + 2α(1− d)(1 + λ)
∞∑
k=2

ak (2.29)

≤ (1− α) +
α(1− α)

(2− α)
=

2(1− α)

2− α
.

∞∑
k=2

kak ≤
1− α

(2− α)(1− d)(1 + λ)
(2.30)

which proved the theorem.

Notes
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Lemma3.1. If f and g are analytic in E with f < g then∫ 2π

0

|g(reiθ)|δdθ ≤
∫ 2π

0

|f(reiθ)|δdθ (3.1)

where δ > 0, z = reiθ, ω = deiθ and 0 < r + d < 1.

Applying Lemma 3.1 and(1.2) we prove the following.

Theorem3.2. Let δ > 0. If f(z) ∈ H(ω, α, λ), then z = reiθ, ω = deiθ

and 0 ≤ d < r < 1, we have∫ 2π

0

|f(reiθ)|δdθ ≤
∫ 2π

0

|f2(reiθ)|δdθ (3.2)

where

f2(z) = (z − ω)− 1− α
(2− α)(1− d)(1 + λ)

(z − ω)2. (3.3)

Proof . Let f(z) defined by (1.3) and f2(z) be given by (3.3) we must show
that∫ 2π

0

∣∣∣∣∣1−
∞∑
k=2

ak(z − ω)k−1

∣∣∣∣∣
δ

dθ ≤
∫ 2π

0

∣∣∣∣1− 1− α
(2− α)(1− d)(1 + λ)

(z − ω)

∣∣∣∣δ dθ.
(3.4)

By Lemma 3.1, it suffices to show that

1−
∞∑
k=2

ak(z − ω)k−1 < 1− 1− α
(2− α)(1− d)(1 + λ)

(z − ω), (3.5)

setting

1−
∞∑
k=2

ak(z − ω)k−1 = 1− 1− α
(2− α)(1− d)(1 + λ)

h(z). (3.6)

From(3.6) and (2.1) we obtain

|h(z)| =

∣∣∣∣∣
∞∑
k=2

(2− α)(1− d)(1 + λ)

(1− α)
ak(z − ω)k−1

∣∣∣∣∣ (3.7)

III. Integral Mean Inequality

≤ |z − ω|
∞∑
k=2

(k − α)(1− d)k−1(1 + λ)

(1− α)
ak ≤ |z − ω|.

This completes the proof of theorem 3.2.

Notes
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Theorem3.3. Let δ > 0. If f(z) ∈ K(ω, α, λ), then z = reiθ, ω = deiθ

and 0 ≤ d < r < 1, we have∫ 2π

0

|f(reiθ)|δdθ ≤
∫ 2π

0

|f2(reiθ)|δdθ (3.8)

where

f2(z) = (z − ω)− 1− α
2(2− α)(1− d)(1 + λ)

(z − ω)2. (3.9)

Proof . Let f(z) defined by (1.3) and f2(z) be given by (3.9) we must show
that∫ 2π

0

∣∣∣∣∣1−
∞∑
k=2

ak(z − ω)k−1

∣∣∣∣∣
δ

dθ ≤
∫ 2π

0

∣∣∣∣1− 1− α
2(2− α)(1− d)(1 + λ)

(z − ω)

∣∣∣∣δ dθ.
(3.10)

By lemma 3.1, it suffices to show that

1−
∞∑
k=2

ak(z − ω)k−1 < 1− 1− α
2(2− α)(1− d)(1 + λ)

(z − ω), (3.11)

setting

1−
∞∑
k=2

ak(z − ω)k−1 = 1− 1− α
2(2− α)(1− d)(1 + λ)

h(z). (3.12)

From(3.12) and (2.6) we obtain

|h(z)| =

∣∣∣∣∣
∞∑
k=2

2(2− α)(1− d)(1 + λ)

(1− α)
ak(z − ω)k−1

∣∣∣∣∣ (3.13)

≤ |z − ω|
∞∑
k=2

2(k − α)(1− d)k−1(1 + λ)

(1− α)
ak

≤ |z − ω|.
This completes the proof of theorem 3.3.

The first author thanks the support provided by Science and Engineering
Research Board (DST), New Delhi. Project No: SR/S4/MS:716/10.
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Some Results on a  Lorentzian Para Sasakian 
Manifolds

Mobin Ahmad α , Archana Srivastavaσ &  Amit Prakashρ

Abstract  - The object of this paper is to study a type of non-flat differentiable manifold called  Generalized Pseudo 
Symmetric,  Generalized Pseudo Ricci symmetric, Generalized Ricci Recurrent, Semi pseudo symmetric and Semi 
pseudo Ricci symmetric manifold in a  Lorentzian para-Sasakian manifold. 
Keywords and phrases  : ip-sasakian manifold, generalized pseudo symmetric,  generalized pseudo ricci 
symmetric, generalized ricci recurrent, semi pseudo symmetric.

I. Introduction

A non -flat differentiable manifold (𝑀𝑀𝑛𝑛 ,𝑔𝑔) (n> 3), is called generalized pseudo 

symmetric G(𝑃𝑃𝑃𝑃)𝑛𝑛 ,   

(𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌,𝑍𝑍) = 2𝐴𝐴(𝑋𝑋)𝑃𝑃(𝑌𝑌,𝑍𝑍) + 𝐵𝐵(𝑅𝑅(𝑋𝑋,𝑌𝑌),𝑍𝑍) + 𝐶𝐶(𝑌𝑌)𝑃𝑃(𝑋𝑋,𝑍𝑍)

+𝐷𝐷(𝑍𝑍)𝑃𝑃(𝑋𝑋,𝑌𝑌) + 𝑝𝑝(𝑅𝑅(𝑋𝑋,𝑍𝑍)𝑌𝑌).                                   (1.1)

In 1993, Chaki and Koley [6] introduced another type of non-flat differentiable 

manifold (𝑀𝑀𝑛𝑛 ,𝑔𝑔)  (n> 2), satisfies the condition

(𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌,𝑍𝑍) = 2𝐴𝐴(𝑋𝑋)𝑃𝑃(𝑌𝑌,𝑍𝑍) +B(Y) 𝑃𝑃(𝑋𝑋,𝑍𝑍) + 𝐶𝐶(𝑍𝑍)𝑃𝑃(𝑋𝑋,𝑌𝑌),          (1.2)

where  A,B,C are three non-zero 1-form and D denotes the operator of covariant 
differentiation with respect to g. Such a manifold were called by them a generalized 
pseudo Ricci-symmetric manifold and an n -  dimensional manifold of this kind were 
denoted by G(PRS)n.  

De, Guha and Kamilya [7] introduced and studied a type of differentiable manifold 

(𝑀𝑀𝑛𝑛 ,𝑔𝑔) (n 2), whose Ricci tensors of type (0,2) satisfies the condition

Author α : Department of Mathematics Integral University, Kursi Road Lucknow, 226 026, India. E-mail : mobinahmad@rediffmail.com
Author σ : Department of Mathematics S. R. Institute of Management & Technology, BKT Lucknow, 227 202, India.                                    

             

E-mail : archana.srivastava13@gmail.com
Author ρ : Department of Mathematics Allenhouse Institute of Technology, Rooma, Kanpur – 208008 (U.P.)  India.                                     

              

E-mail : apoct0185@rediffmail.com
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9.

>

  (𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌,𝑍𝑍) = 𝐴𝐴(𝑋𝑋)𝑃𝑃(𝑌𝑌,𝑍𝑍) +B(X) 𝑔𝑔(𝑌𝑌,𝑍𝑍),              (1.3)

 if there exits a vector field 𝑃𝑃  and 1- form A, B, C, D on M Such that         



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

where A and B are two non-zero 1-forms, P,Q are two vector fields such that 

g(X,P)=A(X),

g(X,Q)=B(X), 

such a manifold were called by them a generalized Ricci-recurrent  manifold and an 

n-dimensional manifold of this kind were denoted by (𝐺𝐺𝑅𝑅)𝑛𝑛 .
Tarafdar and Jawarneh [4] introduced a type of non-flat differentiable manifold 

(𝑀𝑀𝑛𝑛 ,𝑔𝑔) (n> 3

(𝐷𝐷𝑋𝑋𝑅𝑅)(𝑌𝑌,𝑍𝑍)𝑊𝑊 = 2𝐴𝐴(𝑋𝑋)𝑅𝑅(𝑌𝑌,𝑍𝑍)𝑊𝑊 + 𝐴𝐴(𝑌𝑌)𝑅𝑅(𝑋𝑋,𝑍𝑍)𝑊𝑊 + 𝐴𝐴(𝑍𝑍)𝑅𝑅(𝑌𝑌,𝑋𝑋)𝑊𝑊

                                            +𝐴𝐴(𝑊𝑊)𝑅𝑅(𝑌𝑌,𝑍𝑍)𝑋𝑋  + 𝐴𝐴(𝑊𝑊)𝑅𝑅(𝑌𝑌,𝑍𝑍) 𝑋𝑋,                     (1.4)

where A is a non- zero 1-form and g(X,P)=A(X),

Such a manifold were called by them a Semi pseudo symmetric and an n-

dimensional manifold of this kind is denoted by (SPS)n .         

Tarafdar and Jawarneh [5] introduced another type of non - flat Riemannian 

manifold (𝑀𝑀𝑛𝑛 ,𝑔𝑔) (n> 3), Whose Ricci- tensor of type (0,2) satisfies the condition

(𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌,𝑍𝑍) = 𝐴𝐴(𝑌𝑌)𝑃𝑃(𝑋𝑋,𝑍𝑍) +A(Z)S(X,Y),                        (1.5)

where A is a non zero 1-form , such a manifold were  called by them Semi pseudo 

Ricci -symmetric and an  n – dimensional manifold of this kind is denoted by (SPRS)n.

II. Preliminaries

An n-dimensional differentiable manifold 𝑀𝑀𝑛𝑛 is a Lorentzian para – Sasakian (LP-

Sasakian) manifold if it admits a (1,1) – tenser field 𝜙𝜙, a contravariant vector field 𝜉𝜉, a 

covariant vector field 𝜂𝜂 and a Lorentzian metric 𝑔𝑔 which satisfy  ([2], [3])

𝜙𝜙2𝑋𝑋 = 𝑋𝑋 + 𝜂𝜂(𝑋𝑋)𝜉𝜉,                                          (2.1)

                                      𝜂𝜂(𝜉𝜉) = −1 ,
            

                                         (2.2)

                                 
    
𝑔𝑔(𝜙𝜙𝑋𝑋,𝜙𝜙𝑌𝑌) = 𝑔𝑔(𝑋𝑋,𝑌𝑌) + 𝜂𝜂(𝑋𝑋)𝜂𝜂(𝑌𝑌),                       (2.3)

                                 
     

𝑔𝑔(𝑋𝑋, 𝜉𝜉) = 𝜂𝜂(𝑋𝑋),                                               (2.4)

(𝐷𝐷𝑋𝑋𝜙𝜙)(𝑌𝑌) = 𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉 + 𝜂𝜂(𝑌𝑌)𝑋𝑋 + 2𝜂𝜂(𝑋𝑋)𝜂𝜂(𝑌𝑌)𝜉𝜉,                       (2.5)

and 

  

𝐷𝐷𝑋𝑋𝜉𝜉 = 𝜙𝜙𝑋𝑋 ,                                          (2.6)

for any vector  fields X and Y, where D denotes covariant differentiation with 
respect to g ([1],[2],[3]).

In an LP-Sasakian manifold  𝑀𝑀𝑛𝑛 with structure (𝜙𝜙, 𝜉𝜉, 𝜂𝜂,𝑔𝑔), it is easily seen that

Ref.

32

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

X
II

 I
ss
ue

  
  
 e

rs
io
n 

I
V

I
Y
ea

r
  

20
13

© 2013   Global Journals Inc.  (US)

  
  

 
F

)

)

Some Results on a Lorentzian Para Sasakian Manifolds
1.

M
ih

a i, 
I 

an
d
 
R

osca, 
R

.:
O

n
 
L
oren

tzian
P

 
-

S
asak

ian
 
m

an
ifold

s, 
C

lassical 
A

n
aly

sis, 
W

orld
 scien

tific P
u
b
li.S

in
gap

ore (1992),
155-169.   

(a) 𝜙𝜙𝜉𝜉 = 0
                  

(𝑏𝑏)
  

𝜂𝜂(𝜙𝜙𝑋𝑋) = 0
             

(𝑐𝑐) 𝑟𝑟𝑎𝑎𝑛𝑛𝑘𝑘(𝜙𝜙) = 𝑛𝑛 − 1.                    (2.7)

 whose curvature tensor R satisfies the condition),



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Let us put

                                    𝐹𝐹(𝑋𝑋,𝑌𝑌) = 𝑔𝑔(𝜙𝜙𝑋𝑋,𝑌𝑌).                                          (2.8)

Then the tensor field F is symmetric (0, 2) tensor field i.e.,

𝐹𝐹(𝑋𝑋,𝑌𝑌) = 𝐹𝐹(𝑌𝑌,𝑋𝑋),                                         (2.9)  

and                      𝐹𝐹(𝑋𝑋,𝑌𝑌)=(𝐷𝐷𝑋𝑋 𝜂𝜂)(𝑌𝑌) .                                      (2.10)

Also in an LP-Sasakian manifold, the following relation holds:

‘𝑅𝑅(𝑋𝑋,𝑌𝑌,𝑍𝑍, 𝜉𝜉)=𝑔𝑔(𝑌𝑌,𝑍𝑍)𝜂𝜂(𝑋𝑋) − 𝑔𝑔(𝑋𝑋,𝑍𝑍)𝜂𝜂(𝑌𝑌),                       (2.11)

𝑅𝑅(𝑋𝑋,𝑌𝑌)𝜉𝜉 = 𝜂𝜂(𝑌𝑌)𝑋𝑋 − 𝜂𝜂(𝑋𝑋)𝑌𝑌,                                (2.12)

𝑅𝑅(𝜉𝜉,𝑋𝑋)𝑌𝑌 = 𝑔𝑔(𝑋𝑋,𝑌𝑌)𝜉𝜉 − 𝜂𝜂(𝑌𝑌)𝑋𝑋,                              (2.13)

𝑃𝑃(𝜙𝜙𝑋𝑋,𝜙𝜙𝑌𝑌) = 𝑃𝑃(𝑋𝑋,𝑌𝑌) + (𝑛𝑛 − 1)𝜂𝜂(𝑋𝑋)𝜂𝜂(𝑌𝑌),                        (2.14)

and                                                         𝑃𝑃(𝑋𝑋, 𝜉𝜉) = (𝑛𝑛 − 1)𝜂𝜂(𝑋𝑋) ,                                    (2.15)

for any vector fields X,Y,Z ,Where R(X,Y)Z is the Riemannian curvature tensor, S is the 
Ricci tensor.

III. Generalized Pseudo Symmetric Lp- Sasakian Manifold

Suppose that 𝑀𝑀𝑛𝑛 is a generalized pseudo symmetric LP-sasakian manifold Putting 

Z= 𝜉𝜉 in(1.1),we get 

(𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌, 𝜉𝜉) = 2𝐴𝐴(𝑋𝑋)𝑃𝑃(𝑌𝑌, 𝜉𝜉) + 𝐵𝐵(𝑅𝑅(𝑋𝑋,𝑌𝑌)𝜉𝜉) + 𝐶𝐶(𝑌𝑌)𝑃𝑃(𝑋𝑋, 𝜉𝜉)

+𝐷𝐷(𝜉𝜉)𝑃𝑃(𝑋𝑋,𝑌𝑌) + 𝑝𝑝(𝑅𝑅(𝑋𝑋, 𝜉𝜉) 𝑌𝑌).                             (3.1)

Using (2.2), (2.12) and (2.15) in (3.1), we get

(𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌, 𝜉𝜉) =2(n-1)𝐴𝐴 (𝑋𝑋)𝜂𝜂(𝑌𝑌)+ 𝜂𝜂(Y)B(X) - 𝜂𝜂 (X)B(Y)+(n-1)C(Y) 𝜂𝜂 (X)

                           +𝐷𝐷(𝜉𝜉)𝑃𝑃(𝑋𝑋,𝑌𝑌) + 𝜂𝜂(𝑌𝑌)𝑝𝑝(𝑋𝑋) − 𝑔𝑔(𝑋𝑋,𝑌𝑌)𝑝𝑝(𝜉𝜉).                      (3.2)

We know that

            (𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌, 𝜉𝜉) = (n − 1)g(𝜙𝜙𝑋𝑋,𝑌𝑌) − S(Y,ΦX),                         (3.3)

Therefore, from (3.2) and (3.3), we get

2(n-1)𝐴𝐴 (𝑋𝑋)𝜂𝜂(𝑌𝑌)+ 𝜂𝜂 (Y)B(X)- 𝜂𝜂 (X)B(Y)+(n-1)C(Y) 𝜂𝜂 (X)+𝐷𝐷(𝜉𝜉)𝑃𝑃(𝑋𝑋,𝑌𝑌)
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                   +𝜂𝜂(𝑌𝑌)𝑝𝑝(𝑋𝑋) − 𝑔𝑔(𝑋𝑋,𝑌𝑌)𝑝𝑝(𝜉𝜉)=(n-1)g(𝜙𝜙𝑋𝑋,𝑌𝑌)-S(Y,ΦX).                       (3.4) 

Therefore, putting X=Y=𝜉𝜉 in (3.4) and using (2.1) and (2.15), we get

(n-1)[2𝐴𝐴 (𝜉𝜉)+C(𝜉𝜉)+D(𝜉𝜉)]=0.

Since n≥3, we obtain                        2𝐴𝐴 (𝜉𝜉)+C(𝜉𝜉)+D(𝜉𝜉)=0.                                 (3.5)

So, the vanishing of the 1-form 2A+C+D over the vector field 𝜉𝜉 is necessary in 
order that M be an LP-Sasakian manifold.
Now we will show that 2A+C+D=0 holds for all vector fields on M.

Putting Y= 𝜉𝜉 in (1.1), we get 

(𝐷𝐷𝑋𝑋𝑃𝑃)(𝜉𝜉,𝑍𝑍) = 2(𝑛𝑛 − 1)𝐴𝐴(𝑋𝑋)𝜂𝜂(𝑍𝑍)+𝜂𝜂(Z)B(X)-g(X,Z)B(𝜉𝜉)+ 𝐶𝐶(𝜉𝜉)𝑃𝑃(𝑋𝑋,𝑍𝑍)

                   +(n-1)D(Z) 𝜂𝜂 (X)+ 𝜂𝜂 (Z)p(X)- 𝜂𝜂 (X)p(Z).                        (3.6)

Also, We know that 

(𝐷𝐷𝑋𝑋𝑃𝑃)(𝜉𝜉,𝑍𝑍)=(n-1)g(𝜙𝜙𝑋𝑋,𝑍𝑍)-𝑃𝑃(𝜙𝜙𝑋𝑋,𝑍𝑍).                (3.7)

From (3.6) and (3.7), We get

2(𝑛𝑛 − 1)𝐴𝐴(𝑋𝑋)𝜂𝜂(𝑍𝑍)+𝜂𝜂(Z)B(X)-g(X,Z)B(𝜉𝜉)+ 𝐶𝐶(𝜉𝜉)𝑃𝑃(𝑋𝑋,𝑍𝑍)+(n-1)D(Z) 𝜂𝜂 (X) + 𝜂𝜂(Z)p(X)- 𝜂𝜂

(X)p(Z)= = (n-1)g(𝜙𝜙𝑋𝑋,𝑍𝑍)-𝑃𝑃(𝜙𝜙𝑋𝑋,𝑍𝑍).                                     (3.8)

Putting Z= 𝜉𝜉, in (3.8), we get

−2(𝑛𝑛 − 1)𝐴𝐴(𝑋𝑋) − 𝐵𝐵(𝑋𝑋) − 𝜂𝜂(𝑋𝑋)𝐵𝐵(𝜉𝜉) + (𝑛𝑛 − 1)𝐶𝐶(𝜉𝜉)𝜂𝜂(𝑋𝑋) + (𝑛𝑛 − 1)𝐷𝐷(𝜉𝜉)𝜂𝜂(𝑋𝑋)

−𝑝𝑝(𝑋𝑋) − 𝜂𝜂(𝑋𝑋)𝑝𝑝(𝜉𝜉) = 0.                                (3.9)

Putting X=𝜉𝜉 in (3.8), we get

2(𝑛𝑛 − 1)𝐴𝐴(𝜉𝜉)𝜂𝜂(𝑋𝑋) + (𝑛𝑛 − 1)𝐶𝐶(𝜉𝜉)𝜂𝜂(𝑋𝑋) − (𝑛𝑛 − 1)𝐷𝐷(𝑋𝑋) + 𝑝𝑝(𝑋𝑋) + 𝜂𝜂(𝑋𝑋)𝑝𝑝 = 0.      (3.10)

Adding (3.9) and (3.10) and using (3.5), we get

−2(𝑛𝑛 − 1)𝐴𝐴(𝑋𝑋) − 𝜂𝜂(𝑋𝑋)𝐵𝐵(𝜉𝜉) − 𝐵𝐵(𝑋𝑋) + (𝑛𝑛 − 1)𝐶𝐶(𝜉𝜉)𝜂𝜂(𝑋𝑋) − (𝑛𝑛 − 1)𝐷𝐷(𝑋𝑋) = 0 .
                  

(3.11)

Now, Putting X= 𝜉𝜉 in (3.4), and replacing Z with 𝑋𝑋, we get 

2(𝑛𝑛 − 1)𝐴𝐴(𝜉𝜉)𝜂𝜂(𝑋𝑋) + 𝐵𝐵(𝜉𝜉)𝜂𝜂(𝑋𝑋) + 𝐵𝐵(𝑋𝑋) − (𝑛𝑛 − 1)𝐶𝐶(𝑋𝑋) + (𝑛𝑛 − 1)𝐷𝐷(𝜉𝜉)𝜂𝜂(𝑋𝑋) = 0.                                                                                                                                                                  
(3.12)

Adding (3.11) and (3.12) and using (3.5), we get

(𝑛𝑛 − 1)⌈2𝐴𝐴(𝑋𝑋) + 𝐶𝐶(𝑋𝑋) + 𝐷𝐷(𝑋𝑋)⌉ = 0

Since   𝑛𝑛 ≥ 3, Hence we get 

2𝐴𝐴(𝑋𝑋) + 𝐶𝐶(𝑋𝑋) + 𝐷𝐷(𝑋𝑋)=0, for all X
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This implies       2A+C+D=0.

Hence, we can state the following theorem:

Theorem 3.1 .There exists no generalized pseudo symmetric LP - Sasakian manifold 

(𝑀𝑀𝑛𝑛 ,𝑔𝑔), n≥ 3, if 2A+C+D is not every where zero.

IV. Generalized Pseudo Ricci Symmetric Lp - Sasakian Manifold       

Suppose that 𝑀𝑀𝑛𝑛 is a generalized pseudo Ricci symmetric LP - Sasakian manifold then

     (𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌,𝑍𝑍) = 2𝐴𝐴(𝑋𝑋)𝑃𝑃(𝑌𝑌,𝑍𝑍) + 𝐵𝐵(𝑌𝑌)𝑃𝑃(𝑋𝑋,𝑍𝑍) + 𝐶𝐶(𝑍𝑍)𝑃𝑃(𝑋𝑋,𝑌𝑌).                     (4.1)

Putting Z= 𝜉𝜉, in (4.1) and using (2.15), we get 

(𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌, 𝜉𝜉) = 2(𝑛𝑛 − 1)𝐴𝐴(𝑋𝑋)𝜂𝜂(𝑌𝑌) + (𝑛𝑛 − 1)𝐵𝐵(𝑌𝑌)𝜂𝜂(𝑋𝑋) + 𝐶𝐶(𝜉𝜉)𝑃𝑃(𝑋𝑋,𝑌𝑌).
                

(4.2)

Also, we know that 

(𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌,𝑍𝑍) = (𝑛𝑛 − 1)𝑔𝑔(∅𝑋𝑋,𝑌𝑌) − 𝑃𝑃(𝑌𝑌,∅𝑋𝑋).                              (4.3)

From (4.2) and (4.3), we get 

2(𝑛𝑛 − 1)𝐴𝐴(𝑋𝑋)𝜂𝜂(𝑌𝑌) + (𝑛𝑛 − 1)𝐵𝐵(𝑌𝑌)𝜂𝜂(𝑋𝑋) + 𝐶𝐶(𝜉𝜉)𝑃𝑃(𝑋𝑋,𝑌𝑌) =
   (𝑛𝑛 − 1)𝑔𝑔(∅𝑋𝑋,𝑌𝑌) − 𝑃𝑃(𝑌𝑌,∅𝑋𝑋).                                                                                                            (4.4)

Putting X = Y = 𝜉𝜉 in (4.4), we get

(𝑛𝑛 − 1)[2𝐴𝐴(𝜉𝜉) + 𝐵𝐵(𝜉𝜉) + 𝐶𝐶(𝜉𝜉)] = 0.

Which gives (since n≥ 3),  

[2𝐴𝐴(𝜉𝜉) + 𝐵𝐵(𝜉𝜉) + 𝐶𝐶(𝜉𝜉)] = 0.                                                    (4.5)

Putting X= 𝜉𝜉 in (4.4), we have

(𝑛𝑛 − 1)𝜂𝜂(𝑌𝑌)[2𝐴𝐴(𝜉𝜉) + 𝐶𝐶(𝜉𝜉)] − (𝑛𝑛 − 1)𝐵𝐵(𝑌𝑌) = 0.

So, By virtue of (4.5) this yields 

(𝑛𝑛 − 1)[𝜂𝜂(𝑌𝑌)𝐵𝐵(𝜉𝜉) + 𝐵𝐵(𝑌𝑌)] = 0,

𝑊𝑊ℎ𝑖𝑖𝑐𝑐ℎ 𝑔𝑔𝑖𝑖𝑔𝑔𝑤𝑤𝑔𝑔 𝑢𝑢𝑔𝑔 (𝑔𝑔𝑖𝑖𝑛𝑛𝑐𝑐𝑤𝑤 𝑛𝑛 ≥ 3 ),               𝐵𝐵(𝑌𝑌) = −𝜂𝜂(𝑌𝑌)𝐵𝐵(𝜉𝜉).                         (4.6)

Similarly, Taking Y=𝜉𝜉 in (4.4), we get

                                           −2𝐴𝐴(𝑋𝑋) + 𝜂𝜂(𝑋𝑋)[𝐵𝐵(𝜉𝜉) + 𝐶𝐶(𝜉𝜉)] = 0.

Hence applying (4.5), we get 
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    𝐴𝐴(𝑋𝑋) = −𝜂𝜂(𝑋𝑋)𝐴𝐴(𝜉𝜉) .                                  (4.7)
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Since �∇𝜉𝜉𝑃𝑃�(𝜉𝜉,𝑋𝑋) = 0 , then from (1.2), we obtain

(𝑛𝑛 − 1)𝜂𝜂(𝑋𝑋)[2A(𝜉𝜉) + 𝐵𝐵(𝜉𝜉)] − (𝑛𝑛 − 1)𝐶𝐶(𝑋𝑋) = 0.                  (4.8)

So, by making the use of (4.5), the equation (4.8) reduces to

C(X)= - C(𝜉𝜉)𝜂𝜂(𝑋𝑋)                                         (4.9)

Adding equation (4.6), (4.7) and (4.9), we get

2A(X)+B(X)+C(X)= -[2A(𝜉𝜉)+B(𝜉𝜉)+C(𝜉𝜉)]𝜂𝜂(𝑋𝑋)                  (4.10)

And then, from (4.5), it follows that

2A(X)+B(X)+C(X)=0, for all X,

Thus    2A+B+C=0.

Hence, we can state the following theorem:

Theorem 4.1. There exists no generalized Pseudo Ricci-Symmetric LP-Sasakian 

manifold (𝑀𝑀𝑛𝑛 , g ), n≥3 if 2A+B+C is not everywhere zero.

V. Generalized Ricci

 

Recurrent Lp-

 

Sasakian Manifold Admitting Codazzi 

Type Ricci Tensor

We know that 

     (𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌,𝑍𝑍) = 𝐷𝐷𝑋𝑋𝑃𝑃(𝑌𝑌,𝑍𝑍) − 𝑃𝑃(𝐷𝐷𝑋𝑋𝑌𝑌,𝑍𝑍) − 𝑃𝑃(𝑌𝑌,𝐷𝐷𝑋𝑋𝑍𝑍) .              (5.1)

Then, from (5.1) and (1.3), we get 

𝐴𝐴(𝑋𝑋)𝑃𝑃(𝑌𝑌,𝑍𝑍) + 𝐵𝐵(𝑋𝑋)𝑔𝑔(𝑌𝑌,𝑍𝑍) = 𝐷𝐷𝑋𝑋𝑃𝑃(𝑌𝑌,𝑍𝑍) − 𝑃𝑃(𝑌𝑌,𝐷𝐷𝑋𝑋𝑍𝑍).             (5.2)

Putting Z= 𝜉𝜉 in above relation, we get 

(𝑛𝑛 − 1)𝐴𝐴(𝑋𝑋)𝜂𝜂(𝑌𝑌) + 𝐵𝐵(𝑋𝑋)𝜂𝜂(𝑌𝑌) = (𝑛𝑛 − 1)𝑔𝑔(∅𝑋𝑋,𝑌𝑌) − 𝑃𝑃(𝑌𝑌,∅𝑋𝑋).          (5.3)

Putting Y= 𝜉𝜉 in (5.3), we have 

(𝑛𝑛 − 1)𝐴𝐴(𝑋𝑋) + 𝐵𝐵(𝑋𝑋) = 0.                                  (5.4)

Here we assume that a generalized Ricci recurrent manifold admits Codazzi type 
Ricci tensor

i.e.
                                                

(𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌,𝑍𝑍) = (𝐷𝐷𝑌𝑌𝑃𝑃)(𝑋𝑋,𝑍𝑍).                                        (5.5)
  

Then by virtue of (1.3), it follows from (5.5) that  
𝐴𝐴(𝑋𝑋)𝑃𝑃(𝑌𝑌,𝑍𝑍) + 𝐵𝐵(𝑋𝑋)𝑔𝑔(𝑌𝑌,𝑍𝑍) = 𝐴𝐴(𝑌𝑌)𝑃𝑃(𝑋𝑋,𝑍𝑍) + 𝐵𝐵(𝑌𝑌)𝑔𝑔(𝑋𝑋,𝑍𝑍).          (5.6)

Putting X= 𝜉𝜉 in above, we get 
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     𝐴𝐴(𝜉𝜉)𝑃𝑃(𝑌𝑌,𝑍𝑍) + 𝐵𝐵(𝜉𝜉)𝑔𝑔(𝑌𝑌,𝑍𝑍) = [(𝑛𝑛 − 1)𝐴𝐴(𝑌𝑌) + 𝐵𝐵(𝑌𝑌)]𝜂𝜂(𝑍𝑍).               (5.7)
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In view of (5.4), (5.7) yields

𝑃𝑃(𝑌𝑌,𝑍𝑍) = 𝜆𝜆𝑔𝑔(𝑌𝑌,𝑍𝑍), where 𝜆𝜆=   −𝐵𝐵(𝜉𝜉)
𝐴𝐴(𝜉𝜉)

.

i.e.  𝑀𝑀𝑛𝑛 is an Einstein manifold.
Hence, we can state the following theorem:

Theorem 5.1. If a generalized Ricci recurrent LP - Sasakian manifold admits a 

Codazzi type Ricci tensor, then it is an Einstein manifold with constant 𝜆𝜆=  −𝐵𝐵(𝜉𝜉)
𝐴𝐴(𝜉𝜉)

.

VI. Semi Pseudo Symmetric lp - Sasakian Manifold (sps)n (𝑀𝑀𝑛𝑛 ,𝑔𝑔),𝑛𝑛 > 3

Suppose that 𝑀𝑀𝑛𝑛 is a Semi pseudo symmetric LP-Sasakian manifold then from 
(1.4), we obtain 

(𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌, 𝜉𝜉) = (2𝑛𝑛 − 1)𝐴𝐴(𝑋𝑋)𝜂𝜂(𝑌𝑌) + (𝑛𝑛 − 2)𝐴𝐴(𝑌𝑌)𝜂𝜂(𝑋𝑋) + 𝐴𝐴(𝜉𝜉)𝑃𝑃(𝑋𝑋,𝑌𝑌).       𝑃𝑃𝑖𝑖𝑛𝑛𝑐𝑐𝑤𝑤     𝑔𝑔(𝑋𝑋,𝑃𝑃) =

𝐴𝐴(𝑋𝑋) ⟹ 𝐴𝐴(𝜉𝜉) = 𝑔𝑔(𝜉𝜉,𝑃𝑃) = 𝜂𝜂(𝑃𝑃)                                                                     (6.1)

𝑇𝑇ℎ𝑖𝑖𝑔𝑔 𝑖𝑖𝑖𝑖𝑝𝑝𝑖𝑖𝑖𝑖𝑤𝑤𝑔𝑔     (𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌, 𝜉𝜉) = (2𝑛𝑛 − 1)𝐴𝐴(𝑋𝑋)𝜂𝜂(𝑌𝑌) + (𝑛𝑛 − 2)𝜂𝜂(𝑋𝑋)𝐴𝐴(𝑌𝑌) + 𝜂𝜂(𝑃𝑃)𝑃𝑃(𝑋𝑋,𝑌𝑌).      (6.2)

We also know that 

(𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌, 𝜉𝜉) = (𝑛𝑛 − 1)𝑔𝑔(∅𝑋𝑋,𝑌𝑌) − 𝑃𝑃(𝑌𝑌,∅𝑋𝑋) .                              (6.3)

From equation (6.2) and (6.3), we get 

(2𝑛𝑛 − 1)𝐴𝐴(𝑋𝑋)𝜂𝜂(𝑌𝑌) + (𝑛𝑛 − 2)𝜂𝜂(𝑋𝑋)𝐴𝐴(𝑌𝑌) + 𝜂𝜂(𝑃𝑃)𝑃𝑃(𝑋𝑋,𝑌𝑌) = (𝑛𝑛 − 1)𝑔𝑔(∅𝑋𝑋,𝑌𝑌) − 𝑃𝑃(𝑌𝑌,∅𝑋𝑋).
                                                                                                                 (6.4)

Putting 𝑋𝑋 = 𝜉𝜉 in (6.4), we get

(3𝑛𝑛 − 2) 𝜂𝜂(𝑃𝑃)𝜂𝜂(𝑌𝑌) − (𝑛𝑛 − 2)𝐴𝐴(𝑌𝑌) = 0.
                            

         (6.5)

Putting 𝑌𝑌 = 𝜉𝜉 in (6.5), we get

                                𝜂𝜂(𝑃𝑃) = 0                                              (6.6)

Hence, from (6.5) and (6.6), we get 

𝐴𝐴(𝑌𝑌) = 0.

Which is inadmissible by the definition of (SPS)n.

Hence, we can state the following theorem:

Theorem  6.1.  A (𝑃𝑃𝑃𝑃𝑃𝑃)𝑛𝑛   (𝑛𝑛 > 3), cannot be an LP sasakian manifold.
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VII. Semi Pseudo Ricci Symmetric (𝑃𝑃𝑃𝑃𝑅𝑅𝑃𝑃)𝑛𝑛   (𝑀𝑀𝑛𝑛 ,𝑔𝑔),𝑛𝑛 > 3 Lp –Sasakian  Manifold

In this section we assume that a (𝑃𝑃𝑃𝑃𝑅𝑅𝑃𝑃)𝑛𝑛 is an LP sasakian manifold then from 
(1.5), we obtain 

              
(𝐷𝐷𝑋𝑋S)(Y, 𝜉𝜉) = (𝑛𝑛 − 1)𝐴𝐴(𝑌𝑌)𝜂𝜂(𝑋𝑋) + 𝐴𝐴(𝜉𝜉)𝑃𝑃(𝑋𝑋,𝑌𝑌).                     (7.1)

Also we know that

     (𝐷𝐷𝑋𝑋𝑃𝑃)(𝑌𝑌, 𝜉𝜉) = (𝑛𝑛 − 1)𝑔𝑔(∅𝑋𝑋,𝑌𝑌) − 𝑃𝑃(𝑌𝑌,∅𝑋𝑋).                         (7.2)

From (7.1) and (7.2), we get 

     
(𝑛𝑛 − 1)𝐴𝐴(𝑌𝑌)𝜂𝜂(𝑋𝑋) + 𝐴𝐴(𝜉𝜉)𝑃𝑃(𝑋𝑋,𝑌𝑌) = (𝑛𝑛 − 1)𝑔𝑔(∅𝑋𝑋,𝑌𝑌) − 𝑃𝑃(∅𝑋𝑋,𝑌𝑌).            (7.3)

Putting 𝑋𝑋 = 𝜉𝜉  in (7.3), we get

             
    
𝐴𝐴(𝑌𝑌) = 𝐴𝐴(𝜉𝜉)𝜂𝜂(𝑌𝑌) .                                      (7.4)

Putting Y= 𝜉𝜉  in (7.4), we get 

𝐴𝐴(𝜉𝜉) = 0.                                             (7.5) 

Using (7.5) in (7.4), we get 

   
𝐴𝐴(𝑌𝑌) = 0.

Which is inadmissible by the definition of (𝑃𝑃𝑃𝑃𝑅𝑅𝑃𝑃)𝑛𝑛 .
Hence, we can state the following theorem .:

Theorem 7.1.  A (𝑃𝑃𝑃𝑃𝑅𝑅𝑃𝑃)𝑛𝑛   (𝑛𝑛 > 3) can not be an LP sasakian manifold.
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In many occasions, we may be interested in algebraic structures defined

over local neighborhoods. For example, a theory of cohomology of a topological

space often concerns with sets of maps from a local neighborhood to some abelian

groups, which possesses a natural Z-module structure. Another example is line

bundles (either real or complex): since R or C are themselves rings, the set of

sections over a local neighborhood forms an R or C-module. To analyze this local
algebraic information, mathematians came up with the notion of sheaves, which

accommodate local and global data in a natural way. However, there are many

fashions of introducing sheaves; Tennison [7] and Bredon [1] have done it in two

very different styles in their separate books, though both of which bear the name

”Sheaf Theory”.

In this paper, we introduce some modifications on the set up in [3], putting

extra structure on the set of restriction maps to developing a genuine ”Multival-

ued” sheaf theory. One of the main results we will prove is the fact, just as in

the classical case, there is a canonical way of associating to any multi-presheaf

a ”minimal” multi-sheaf. As this construction may be viewed as that of a right

[3
]
A
.
A
.
D
ab

b
ou

r
an

d
N
.
A
.
S
ou

lt
an

,
S
he
av
es

w
it
h
m
an

y
m
or
ph

is
m
s,

IC
T
P

(T
ri
es
te
),
2
9
1
(1
99
2)
.

adjoin to inclusion, it follows that the category of multi-sheaves is a reflective

subcategory of the category of multi-sheaves. This paper is organized as follows:

In section 2, we introduce the notion of multi-presheaf over a local monoid de-

fined in [8], and we give some examples. In section 3, we make use of stalks of
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of multi-sheaves. In successive Section 5, we introduce and study the notion of

multi-sheaf, which is just a multi-presheaf satisfying some additional properties.

Throughout this section, we fix a topological space X with a topology τ

and Nx, the family of the open neighborhoods of the point x ∈ X directed by

inclusion, i.e., U ≤ V if U ⊇ V . In order to introduce the notion of multi-presheaf

and multi-sheaf, we will need the notion of local monoid defined in [8]. This notion

will also be needed later, when we define and study stalks of multi-presheaves and

their use in the framework of sheafification.

Let us fix a set I such that, for any a ≤ b in a direct index set A, there exists

a non-empty set Iab ⊆ I. We call I =
∪
{Iab; Iab ⊆ I} a local monoid (index by

II. Multi-Presheaves

A), if the following properties are satisfied:

1. There exists some e ∈ I such that e ∈
∩

b≥a Iab.

2. It is endowed with some associated composition

Iab × Ibc → Iac : (i, j) 7−→ ij

with the property that for any a ≤ b ≤ c in A and any i ∈ Iab resp.

j ∈ Ibc, we have ie = i resp. ej = j. In particular, this implies Iab ⊆ Iac

resp.Ibc ⊆ Iac and Iaa is a monoid with unit e for every a ∈ A.

3. Whenever a ≤ b, c in A and i ∈ Iab resp. j ∈ Ibc, then there exists some

d ∈ A with d ≥ b, c and some k ∈ Ibd resp. ℓ ∈ Icd with the property that

ik = jℓ in Iad.

Note that once some d ∈ A and corresponding elements k and ℓ with the

feature required in the last property has been found, This property clearly remains

valid for all d′ ≥ d.

[8]
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(1999),

1895-1902.
multi-presheaves which are used as a main ingredient of construction and study

Definition 2.1. Consider a topological space X, with topology τ directed by

inclusion. Consider a fixed set I, such that for any U ⊇ V in τ , a non-empty

set IUV ⊆ I. The union I =
∪
{IUV ; IUV ⊆ I} is called a global monoid if the

following properties are satisfied:

G1: There exists some elements e ∈
∩

U⊇V IUV .

G2: It is endowed with some associated composition

IUV × IVW → IUW : (i, j) 7−→ ij,
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for any U ⊇ V ⊇ W open subsets of X, and any i ∈ IUV then ie = ei = i.

G3: For any U ⊇ V, W in τ and i ∈ IUV resp. j ∈ IVW , there exists W ′ ∈ τ with

W ′ ⊆ V,W and some k ∈ IVW ′ resp. ℓ ∈ IWW ′ with the property that ik = jℓ in

IUW ′ .

For each x ∈ X, the family Ix =
∪
{IUV , x ∈ V ⊆ U} is called local monoid.

Definition 2.2. A (I-indexed) multi-presheaf F of sets (abelian groups) on the

space X consists the following data:

1. For each open subset U of X, there is given a set (abelian groups) F (U).

2. For each pair of open subsets U ⊇ V of X, there is given a non-empty set

FUV = {F i
UV , i ∈ IUV }, the so called restriction maps (homeomorphisms).

These data should satisfy the following conditions:

P1. For any open subset U of X, we have idF (U) = F e
UU , the identity map on

FUU .

P2. For any open subsets W ⊆ V ⊆ U of X, and any F i
UV resp. F j

V W for some

i ∈ IUV resp. j ∈ IVW , the composition F j
V WF i

UV belongs to FUW .

P3. Whenever x ∈ V ⊆ U , any s ∈ F (U) and any i, j ∈ IUV , there exists

W ∈ Nx with W ⊆ V and indices k, ℓ ∈ IVW such that ik = jℓ and

F k
VWF i

UV (s) = F ℓ
V WF j

UV (s).

P4. For any open neighborhoods W ⊆ V ⊆ U of x ∈ X and any i ∈ IUV resp.

j ∈ IVW , there exists some open set W ′ ∈ Nx with W ′ ⊆ W such that

Note that once an open neighborhood W ′ ∈ Nx as in (P4) has been found,

the same conclusion remains valid for any open neighborhood W ′′ ⊆ W ′ of x.

Indeed, it is sufficient to note that F j
V W ′F i

UV = F ij
UW ′ which implies that

F j
V W ′′F

i
UV = F e

W ′W ′′F
j
V W ′F

i
UV = F e

W ′W ′′F
ij
UW ′ = F ij

UW ′′ .

Let us also point out that, in the terminology of [7], any multi-presheaf may be

viewed as a contravariant multifunctor from the category of open subsets of X to

the category of sets.

Example 1. Let X be the closed interval [0, 1] ⊆ R, endowed with a relative

topology τ on X with respect to usual topology on R. Assume that τ is directed

F j
V W ′F

i
UV = F ij

UW ′ .

Notes
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For any strictly positive integer m ∈ N , let fm : X → R be defined by

fm(x) =
(
1− 1

m

)
x, ∀x ∈ X.

If U is an open subset of X, denote fU
m the restriction fm|U of fm on U , i.e.,

fU
m : U → R : x 7→

(
1 − 1

m

)
x. Let F (U) = {fU

m,m ∈ N} and whenever V ⊆ U

open subsets of X, we put FUV = {F i
UV , i ∈ N} where F i

UV : F (U) → F (V ) is

given by

F i
UV (f

U
m) =


fV
m−1 if m is even and

m

2
≤ i,

fV
m otherwise.

It is clear that F 0
UU is the identity on F (U) for any open subset U of X and

straightforward verification shows that for any W ⊆ V ⊆ U open subsets of X,

and i, j ∈ N , we have F j
V WF i

UV = F ℓ∗
UW where ℓ∗ = max(i, j). From this one

easily deduces that F is a multi-presheaf, Indeed.

[7]
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by inclusion, i.e., U ≤ V if U ⊇ V . We will construct a multi-presheaf F on X,

indexed by a constant global monoid I = N , i.e., IUV = N for all U ⊇ V with

the composition

N ×N → N : (i, j) 7→ max(i, j).

Example 2. Let X be the unite circle C1 endowed with a relative topology τ

on X, with respect to usual topology on R2. Let τ be directed by inclusion, i.e.,

U ≤ V if U ⊇ V . Let H be the helix in R3 parameterized by

R → H : t 7→
(
t, sin(t), cos(t)

)
,

both endowed with their standard topology, let

p : H → X :
(
t, sin(t), cos(t)

)
7→

(
sin(t), cos(t)

)
,

be the canonical projection. We construct a multi-presheaf FH of abelian groups

on X, indexed by a constant global monoid I = Z, i.e., IUV = Z for all U ⊇ V ,

with composition

Z × Z → Z : (i, j) 7→ i+ j.

For any open subset U on X, denote FH(U) for
{
Continous functions s : U →

H, p ◦ s = idU

}
, and whenever V ⊆ U , consider FUV = {F i

UV , i ∈ Z} where the
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Example 2. Let X be the unite circle C1 endowed with a relative topology τ

on X, with respect to usual topology on R2. Let τ be directed by inclusion, i.e.,

U ≤ V if U ⊇ V . Let H be the helix in R3 parameterized by

R → H : t 7→
(
t, sin(t), cos(t)

)
,

both endowed with their standard topology, let

p : H → X :
(
t, sin(t), cos(t)

)
7→

(
sin(t), cos(t)

)
,

be the canonical projection. We construct a multi-presheaf FH of abelian groups

on X, indexed by a constant global monoid I = Z, i.e., IUV = Z for all U ⊇ V ,

with composition

Z × Z → Z : (i, j) 7→ i+ j.

For any open subset U on X, denote FH(U) for
{
Continous functions s : U →

H, p ◦ s = idU

}
, and whenever V ⊆ U , consider FUV = {F i

UV , i ∈ Z} where the

homomorphism F i
UV : FH(U) → FH(V ) is given by F i

UV (s) = s|V +(0, 0, 2πi). It

is clear that F 0
UU is identity on FH(U) for any U on X. Whenever W ⊆ V ⊆ U

and any i, j ∈ Z we have F j
V WF i

UV = F i+j
UW , it easy to verify that FH is actually

a multi-presheaf, indexed by constant global monoid I = Z.

III. Stalks of Multi-Presheaves

Just as ordinary presheaves give rise to stalks, which are used as a main

ingredient of construction and study of sheaves. In this section we show how the

multi-presheaves we introduce above allow for the construction of stalks. The

actual construction of this stalks is of course the idea of inductive limit of multi-

spectra,[8], and its properties and thus depends heavily upon these results.

Construction 1. Let F be a multi-presheaf on X and x ∈ X. Consider the set

F (U) of all multi-sections of F on U , where U is running over all open subsets of

X such that U ∈ Nx. Then, as mentioned before, the system {F (U), FUV ,Nx}

is a multi-spectrum over a local monoid Ix =
∪
{IUV , x ∈ V ⊆ U}. Let P =⨿

U∈Nx
F (U) the disjoint union of sets F (U). We define a relation ” ∼ ” on P

as follows. Let s ∈ F (U) and t ∈ F (V ), be two multi-section of F on U, V

[8
]
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Definition 3.1. The multi-stalk (abbreviated: M∗-stalk), Fx at x ∈ X is the

quotient of P =
⨿

U∈Nx
F (U) under the equivalence relation ” ∼ ”. For any

s ∈ F (U), let sx denote the equivalence class contain s ∈ F (U) in Fx, which

is called multi-germ (abbreviated: M∗-germ) of multi-section s at x, we thus

obtain the map F e
U,x : F (U) → Fx : s 7→ sx. For any U ∈ Nx, we put IU =∪

{IUV , U ≤ V, V ∈ Nx}, then any i ∈ IU where i ∈ IUV yields an obvious map

F i
U,x : F (U) → Fx defined

F (U)

F i
UV

��

F i
U,x

// Fx

F (V )

F e
V,x

<<zzzzzzzz

or equivalently, F i
U,x(s) = [F i

UV (s)] where U ⊇ V � x is chosen such that i ∈ IUV .

It easy to say that the M∗-stalk Fx of F at x is none other than the inductive

limit of multi-spectrum {F (U), FUV ,Nx}. We write

Fx = lim−−→
x∈U

F (U) .

This comes equipped with maps F (U) → Fx : s 7→ sx, whenever an open U � x.

IV. Morphisms of Multi-Presheaves

In this section, we give the definition of morphisms between multi-presheaves

and we discuss the composition of such morphisms of multi-presheaves and their

stalks.

Definition 4.1. Let F, G be a multi-presheaves of sets (abelian groups) over

X. A morphism of multi-presheaves f : F → G is the family {f(U)} of maps

(homomorphisms) f(U) : F (U) → G(U), one for each U ∈ τ such that whenever

respectively, then s ∼ t if there exists W ∈ Nx, W ⊆ U ∩ V and i ∈ IUW ∩ IVW

such that F i
UW (s) = F i

V W (t). This is actually an equivalence relation.

U ⊇ V and i ∈ IUV , the following diagram

F (U)
F i
UV−−−→ F (V )

f(U)
y y f(V )

G(U)
Gi

UV−−−→ G(V )

Notes
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is commutative. The composition of such morphisms of multi-presheaves is

defined in the same way: If f : F → G and g : G → H are two morphisms of

multi-presheaves, then the composition gf : F → H is defined by
(
gf

)
(U) =

g(U) ◦ f(U), for each open subset Uof X. The identity morphism idF : F → F

of multi-sheaf is defined by idF (U) = idF (u) for any open subset Uof X.

Example 3. Let X = N endowed with the topology τ0, consisting of open

sets of the form U∞ = ϕ and Un = {n, n + 1, ...}, where n ∈ N . Assume that

τ0 is directed by inclusion, i.e., Un ≤ Um if Un ⊇ Um, for any n ≤ m. Let

I = N be the constant global monoid, i.e., IUnUm = N for all Un ⊇ Um with

the mapping N × N → N : (i, j) 7→ ij. If Un is an open subset of X, consider

G(U∞) = {1} and G(Un) = {2nz, z ∈ Z}, whenever Un ⊇ Um open subsets of X.

Let Gnm = {Gi
nm, i ∈ N} where the homomorphisms Gi

nm : G(Un) → G(Um) are

defined by Gi
nm(2

nz) = 2(iz)m . In case of m = ∞, let Gi
nm(2

nz) = 1 (constant

homomorphism) for all i ∈ N . It is clear that G1
nn is the identity on G(Un) for

any open subset Un of X. Moreover, if n ≤ m ≤ p, then

Gj
mpG

i
nm(2

nz) = Gj
mp

(
2(iz)m

)
= 2(ij)zp = Gij

np(2
nz)

i.e., Gj
mpG

i
nm = Gij

np. It easy to see that the conditions (P3) and (P3) of Defini-

tion 2.2 are verified. Thus the system G = {G(Un), Gnm, τ0} is a multi-presheaf

of abelian groups.

Definition 4.2. Let F,G be multi-presheaves of sets (abelian groups) indexed

by a local monoid Ix =
∪
{IUV , x ∈ V ⊆ U}. A morphism f : F → G of multi-

presheaves of sets (abelian groups) on a space X, induces for each point x ∈ X,

a map (homomorphism) of M∗-stalks fx : Fx → Gx such that for any s ∈ F (U),

i ∈ IUV , we have fx(s
i
x) = f(U)(s)ix, where for simplicity six, f(U)(s)ix means

F i
U,x,

(
f(U)(s)

)i
x
respectively.

It is not difficult to show that f well is defined. For, let six = tix, where

s ∈ F (U) and t ∈ F (V ), then there existsW ∈ Nx, W ⊆ U∩V and i ∈ IUW∩IVW

Notes
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such that F i
UW (s) = F i

V W (t), then f(W )F i
UW (s) = f(W )F i

V W (t). Since f is a

morphism of multi-presheaves then the following diagrams

F (U)
F i
UW−−−→ F (W )

f(U)
y y f(W )

G(U)
Gi

UW−−−→ G(W )

F (V )
F i
V W−−−→ F (W )

f(V )
y y f(W )

G(V )
Gi

V W−−−→ G(W )

commute. Therefore,

Gi
UW

(
f(U)(s)

)
= f(W )F i

UW (s) = f(W )F i
V W (t) = Gi

V W

(
f(V )(t)

)
,

then f(U)(s)ix = f(V )(t)ix. Which proves that fx is well defined.

Theorem 4.1. Let F,G,H be multi-presheaves of sets (abelian groups) on a

space X, then for any x ∈ X

1. f : F → G and g : G → H are morphisms of multi-presheaves, then

(gf)x = gxfx.

2. (idF )x = idFx .

Proof. Consider M∗-germ (s)ix of multi-section s ∈ F (U) for some U ∈ Nx and

some i ∈ IUV , then

1.
(
gxfx

)
(s)ix = gx

(
fx(s

i
x)
)
= gx

(
f(U)(s)ix

)
= g(U)f(U)(s)ix = (gf)(U)(s)ix =

(
gf

)
x
(s)ix

2.
(
idF

)
x
(s)ix = idF (U)(U)(s)ix = six = idFx(s)

i
x .

V. Multi-Sheaves

In this section we introduce and study the notion of multi-sheaf, which is

just that a multi-presheaf satisfying some additional properties guaranteeing a

nice, well-behaving local-global structure. The axioms for multi-sheaves, just as

from the ordinary sheaf case, [7].

[7]
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Definition 5.1. Suppose Ix =
∪
{IUV , IUV ⊆ I} is a fixed global monoid indexed

by the open subsets of the topological space X. An (I-indexed) multi-presheaf

F of sets on X is called multi-sheaf if it satisfies the following conditions:

S1. For any open subset U ⊆ X, any U =
∪

α∈A Uα open covering of U and any

two multi-sections s, t ∈ F (U). If for any α ∈ A there exists some i ∈ IUUα

such that F i
UUα

(s) = F i
UUα

(t), then s = t.

S2. For any open subset U ⊆ X, any U =
∪

α∈A Uα open covering of U and any

family (sα)α∈A of multi-sections sα ∈ F (Uα). If for any (α, β) ∈ A × A,

there exists some i ∈ IUαUα∩Uβ
∩ IUβUα∩Uβ

such that

F i
UαUα∩Uβ

(sα) = F i
UβUα∩Uβ

(sβ) ,

then there exists some s ∈ F (U) and some j ∈ IUUα such that F j
UUα

(s) = sα,

for all α ∈ A.

S3. For any open subset U ⊆ X, any U =
∪

α∈A Uα open covering of U and

any two multi-sections s, t ∈ F (U). If for any α ∈ A there exists some

i, j ∈ IUUα with the property that F i
UUα

(s) = F j
UUα

(t), then there exists

k, ℓ ∈ IUU such that F k
UU(s) = F ℓ

UU(t), then we call F a strong multi-sheaf.

Note that the condition (S3) asserts that the result of the glueing procedure

inferred in (S2) is essentially unique. Also we can define in the obvious way the

notion of abelian multi-sheaf ( multi-sheaf of abelian groups). In this case the

condition (S1) can be simplified by putting t = 0.

Definition 5.2. (1) The global monoid I =
∪
{IUV , IUV ⊆ I} is called divisible

if for any V ⊆ U open subsets of X and any pair of indices i, j ∈ IUV , there

exists some k ∈ IUU with i = kj or j = ki.

(2) The global monoid I is called commutative if for any pair of open subsets

V ⊆ U and any i ∈ IUV resp. k ∈ IV V , there exists some k′ ∈ IUU such

that ik = k′i ∈ IUV .

(3) The global monoid I is called torsion free if for any pair of open subsets

V ⊆ U and any i ∈ IUV resp. any k ′, k ′′ ∈ IUU such that k′′i = k′i then

k′ = k′′.

Notes
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Note that the constant global monoid I, where I is additive monoid N0 or

any commutative group, then I satisfies the pervious properties.

Theorem 5.1. Assume that the global monoid I satisfies the following proper-

ties:

1. I is divisible

2. I is commutative and torsion free.

Then any (I-indexed) multi-sheaf F on X is a strong multi-sheaf.

Proof. Assume that U =
∪

α∈A Uα is open covering of U ⊆ X. Choose x ∈ U

and some α ∈ A with x ∈ Uα, and suppose that for some i, j ∈ IUUα , and some

s, t ∈ F (U), we have F i
UUα

(s) = F j
UUα

(t) for all α ∈ A. Let us first suppose that

I is divisible. Pick k ∈ IUU such that, for example, i = kj. Up to shrinking the

open neighborhood Uα of x, we may assume that

F j
UUα

(t) = F i
UUα

(s) = F j
UUα

F k
UU(s) .

Since Uα covers U , it follows from (S1) that t ∈ F k
UU(s), which proves our claim.

Next, let us assume that condition (2) holds. Choose some open neighborhood

U ′
α ⊆ Uα of x with the property that there exists some k, ℓ ∈ IUαU ′

α
with ik =

jℓ ∈ IUU ′
α
. shrink U ′

α such that F k
UαU ′

α
F i
UUα

= F ik
UU ′

α
resp. F ℓ

UαU ′
α
F j
UUα

= F jℓ
UU ′

α
.

Since I is commutative, there exist k′, ℓ′ ∈ IUU such that ik = k′i resp. iℓ = ℓ′i,

within IUαU ′
α
, note that i, j ∈ IUαU ′

α
. Since I is assumed to be torsion free, k′ and

ℓ′ are actually independent of the particular choice of x and Uα. Again shrinking

the open neighborhood U ′
α of x, we may assume that F i

UU ′
α
F k′
UU = F k′i

UU ′
α
resp.

F j
UU ′

α
F ℓ′
UU = F jℓ′

UU ′
α
. We now obtain:

F i
UU ′

α
F k′

UU(t) = F k′i
UU ′

α
(t) = F ik

UU ′
α
(t) = F jℓ

UU ′
α
(t)

= F ℓ
UαU ′

α
F j
UUα

(t) = F ℓ
UαU ′

α
F i
UUα

(s)

= F iℓ
UU ′

α
(s) = F ℓ′i

UU ′
α
(s) = F i

UU ′
α
F ℓ′

UU(s) .

Since U ′
α is a covering of U , applying (S1) now clearly yields that F k′

UU(t) =

F ℓ′
UU(s), which proves our claim.

Notes
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Example 4. Consider a multi-presheaf FH of abelian groups on the space C1,

given in Example 2. Assume that
(
Uα

)
α∈A is an open covering of an open set

U ∈ C1, let for all α ∈ A, s, t ∈ FH(U), we have F i
UUα

(s) = F i
UUα

(t) for some

i ∈ IUUα , then s|Uα + (0, 0, 2πi) = t|Uα + (0, 0, 2πi) thus s|Uα = t|Uα which means

that s(x) = t(x) for all x ∈ Uα. Since
(
Uα

)
α∈A is an open covering of U , then

s(x) = t(x) for all x ∈ U , this implies that s = t. In order to verify the condition

(S2), for any family of multi-sections (sα)α∈A with sα ∈ F (Uα) and some i ∈

IUαUα∩Uβ
∩ IUβUα∩Uβ

, we have for any (α, β) ∈ A×A

F i
UαUα∩Uβ

(sα) = F i
UβUα∩Uβ

(sβ) ,

then we have sα|Uα∩Uβ
+(0, 0, 2πi) = sβ|Uα∩Uβ

+(0, 0, 2πi) which yields to sα(x) =

sβ(x) for all x ∈ Uα∩Uβ, since U =
∪

α∈A Uα we define s ∈ F (U) by s(x) = sα(x)

for all x ∈ U , then we have s|Uα(x) = sα(x) which yields to s|Uα +(0, 0, 2πi) = sα,

then F j
UUα

(s) = sα, for some j ∈ IUUα .

Theorem 5.2. If X is a topological space and F is a multi-sheaf on X. Then for

any pair of multi-section s, t ∈ F (U), we have s = t if and only if for all x ∈ U ,

there is Ux ∈ Nx and i ∈ IUUx such that six = tix.

Proof. Let s = t this implies that for any Wx ∈ Nx with Wx ⊆ U and for some

i ∈ IUWx , we have F i
UWx

(s) = F i
UWx

(t), which means that six = tix for all x ∈ U .

Conversely, if s, t ∈ F (U) such that for all x ∈ U , there is Ux ∈ Nx and i ∈

IUUx such that six = tix. It follows that we may find some open neighborhood

Vx ⊆ Ux of x such that i ∈ IUVx with F i
UVx

(s) ∼ F i
UVx

(t), and up to making Vx

even smaller and changing i if necessary, we may assume that we actually have

F i
UVx

(s) = F i
UVx

(t). Since (Vx)x∈U is obviously an open cover for U , if we make x

vary through U , it follows from the multi-sheaf axioms that s = t.

Theorem 5.3. A morphism f : F → G of multi-sheaves on a topological space

X satisfies the condition fx : Fx → Gx is injective for all x ∈ X if and only if the

map f(U) : F (U) → G(U) is injective for all open subset U of X.

Proof. Assume that f(U) : F (U) → G(U) is injective, and suppose that t ∈ Fx

is such that fx(t) = 0, then there exists an open set U , and s ∈ F (U) such that s

Notes
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has germ t at x, for some i ∈ IUV , so that f(U)(s) has germ 0 at x. Then there

exists V ⊆ U , V ∈ Nx and some i ∈ IUV such that Gi
UV

(
f(U)(s)

)
= 0, but f is

a morphism of multi-sheaf, therefore

Gi
UV

(
f(U)(s)

)
= 0 = f(V )

(
F i
UV (s)

)
.

But f(V ) is injective by hypothesis, so F i
UV (s) = 0 and thus t = 0.

Conversely, assume that fx : Fx → Gx is injective and suppose s ∈ F (U) is such

that f(U)(s) = 0 ∈ G(U), therefore Gi
U,x

(
f(U)(s)

)
= 0, for some i ∈ IUV , then

fx
(
F i
U,x(s)

)
= 0, since fx is injective by hypothesis. Then there exists Ux ∈ Nx

with Ux ⊆ U and some i ∈ IUUx such that F i
UUx

(s) = 0. Since (Ux)x∈U is an

open covering for U , by a multi-sheaf condition (S2), s = 0 on U . Thus f(U) is

injective.

Definition 5.3. Let X be a topological space. A sheaf space over X is a pair

E = (E, p), where E is a topological space and the projection p is a continu-

ous onto map E → X which has an additional structure, that is, p is a local

homeomorphism, i.e., any e ∈ E has a neighborhood N such that p|N maps N

homeomorphically onto a neighborhood of p(e).

Definition 5.4. Let E = (E, p) and E1 = (E1, p1) are two sheaf spaces, then a

morphism f : E → E1 is by definition a map f : E → E1, which is continuous

and makes the following diagram commutative:

E

f
��

p
// X

E1
p1

>>|||||||

Construction 2. Consider a sheaf space E = (E, p). We can construct a multi-

sheaf of sets ΓE = Ẽ (the multi-sheaf of sections of E) in such a way that a

morphism f : E → E1 of sheaf spaces gives rise to a morphism f̃ : Ẽ → Ẽ1 of

multi-sheaves. Now, let I =
∪
{IUV , U ⊇ V } be a local monoid indexed by open

subsets of X. We say that I acts on the sheaf space E, if there is given for any

pair of open subsets V ⊆ U in X a map

E|U × IUV → E|V : (m, i) 7→ mi ,

Notes
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where E|U = p−1(U), with the property that for any open subsets W ⊆ V ⊆ U

of X, the induced diagram

E|U × IUV × IVW −−−→ E|V × IVWy y
E|U × IUW −−−→ E|W

Commutes, where the left vertical map is induced by the composition IUV ×

IVW → IUW . This means that for any m ∈ E|U and any i ∈ IUV resp. j ∈ IVW ,

we have mij = (mi)j. If I acts on a sheaf space E, then it easy to verify that

we may associate to it a multi-sheaf Ẽ on X, by letting Ẽ(U) = Γ(U,E) =

{continuous maps s : U → E, p ◦ s = idU}, for any open subset U ⊆ X and

putting ẼUV = {Ẽi
UV , i ∈ IUV }, for any U ⊇ V and i ∈ IUV , where Ẽi

UV :

Ẽ(U) → Ẽ(V ) is defined by s → i(s|V ), where i(s)(y) = s(y)i. One can easily

show that {Ẽ(U), ẼUV , τ} is a multi-sheaf of sets.

Construction 3. For each multi-presheaf F of sets on X over a local monoid

I =
∪
{IUV , U ⊇ V }, we can construct a sheaf space LF in such a way that a

morphism f : F → G of multi-presheaves gives rise to a morphism Lf : LF → LG

of sheaf spaces. Consider LF =
⨿

x∈X Fx (the disjoint union of the stalks Fx)

with p : LF → X the natural projection. We topologize LF as follows: Let U be

an open set in X, and s ∈ F (U). Define a map

s̃e : U → LF : x 7→ sx; sx ∈ F e
U,x(s) .

Moreover, for any i ∈ IUV there is a map

s̃i : V → LF : x 7→ F i
V,x(s) = F e

V,x

(
F i
UV (s)

)
.

From this, it also follows that we have a commutative diagram

s ∈ F (U) −−−→ Γ(U,LF ) � F e
U,x(s)

F i
UV

y yΓ(F i
UV )

F i
UV (s) ∈ F (V ) −−−→ Γ(V, LF ) � F i

U,x(s)

Therefor, we obtain a multi-sheaf ΓLF of sets called the associated multi-sheaf

(for simplicity we call ΓLF = a
¯
F ).

Notes
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Theorem 5.4. F is a multi-sheaf if and only if F → a
¯
F is an isomorphism of

multi-sheaves.

Proof. First, we shall prove that if F → a
¯
F is an isomorphism of multi-presheaves

and a
¯
F is a multi-sheaf, then F is a multi-sheaf. Let U be an open set of X and

{Ux}x∈X be an open cover of U , i.e., U =
∪

x∈X Ux, let s and t be two sections

in F (U) and suppose that F i
UUx

(s) = F i
UUx

. Since F → a
¯
F is a morphism of

multi-presheaves, then the following diagram

F (U)
nF (U)−−−→ a

¯
F (U)

F i
UUx

y y a
¯
F i
UUx

F (Ux)
Gi

UV−−−→ a
¯
F (Ux)

is commutative. Then a
¯
F i
UUx

(
nF (U)(x)

)
= a

¯
F i
UUx

(
nF (U)(t)

)
for some i ∈ IUUx ,

but a
¯
F is a multi-sheaf, therefore, from the condition (S1) of Definition 5.1, we

have

nF (U)(s) = nF (U)(t),

since nF is an isomorphism, that is nF (U) is bijective, it follows that s = t. For

the glueing condition (S2), let U be an open set of X and let U =
∪

x∈X Ux be an

open covering of U . Consider (sx)x∈X the family of sections of F with ∀x ∈ X,

sx ∈ F (Ux) such that

F i
UxUx∩Uy

(sx) = F i
UyUx∩Uy

(sy)

for some i ∈ IUxUx∩Uy ∩ IUyUx∩Uy . Therefore

nF (Ux ∩ Uy)F
i
UxUx∩Uy

(sx) = nF (Ux ∩ Uy)F
i
UyUx∩Uy

(sy),

since nF is morphism of multi-presheaves, therefore

a
¯
F i
UUx

(nF (U)(sx)) = a
¯
F i
UUx

(nF (U)(sy))

but a
¯
F is a multi-sheaf, thus there exists s̃ ∈ a

¯
F (U) such that ∀x ∈ U , and for

some i ∈ IUUx

a
¯
F i
UUx

(s̃) = nF (Ux)(s
x)

F i
U,x(s) = F e

Ux,x(s
x)
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In other words, for all x ∈ U there exists s ∈ F (U) such that F i
Ux,x

(s) = sx which

prove that F satisfies the glueing condition (S2) of Definition 5.1. Now we want

to prove that if F a multi-sheaf then F (U) → a
¯
F (U) is bijective.

(i) the map is injective for

s̃ = t̃ ⇔ ∀x ∈ U F i
U,x(s) = F i

U,x(t) for some i ∈ IUUx

⇔ ∀x ∈ U F e
Ux,x(F

i
UUx

(s)) = F e
Ux,x(F

i
UUx

(t))

⇔ U has open cover Ux such that

F i
UUx

(s) = F i
UUx

(t), for some restriction mapsF i
UUx

⇔ s = t (since F is multi-sheaf).

(ii) Let t ∈ a
¯
F (U) and x ∈ Ux ⊆ U , if s̃x ∈ F (Ux) neighborhood s̃x(Ux) ⊆ t(U)

for some open Ux ⊆ U this mean that sx ∈ F (Ux) satisfies the glueing

condition of Definition 5.1, for, let sy ∈ F (Uy), take V = Ux ∩ Uy. Let

i ∈ IUxV ∩ IUyV and s̃x : V → LF . Therefore

F i
V,z(s

z) = F i
Ux,x(s

x)F i
Uy ,y(s

y) .

Thus F i
Ux,x

(sx)F i
Uy,y

(sy), then F i
Ux,V

(sx)F i
Uy,V

(sy) for some i ∈ IUxV ∩ IUyV ,

but F is multi-sheaf then there exists s ∈ F (U) such that for all x ∈ U ,

F i
UUx

(s) = sx. Therefore, there is s ∈ F (U) such that t ∈ F e
Ux,x

(sx) which

proves that the map is injective.
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The concept of block edge cut vertex graph was introduced by Venkanagouda
M Goudar [6 ]. For the graph G(p,q), if B = u1, u2, ...ur : r ≥ 2 is a block of
G, then we say that the vertex ui and the block B are incident with each other.
If two blocks B1 and B2 are incident with a common cutvertex, then they are
adjacent blocks. The lict graph n(G) was defined in [5]. For the graph G the
lict graph n(G) is the graph whose vertex set is the union of the set of edges
and the set of cutvertices of G in which two vertices are adjacent if and only
if the corresponding edges of G are adjacent or the corresponding members of
G are incident.

All undefined terminology will conform with that in Harary[2]. All graphs
considered here are finite, undirected, planar and without loops or multiple
edges.

The semirelib cutvertex graph of a planar graph G denoted by Rc(G) is
the graph whose vertex set is the union of set of edges, set of blocks, set of
cutvertices and set of regions of G in which two vertices are adjacent if and
only if the corresponding edges of G are adjacent, the edges lies on the blocks,
the edges lies on the region and edges are incident to the cutvertex.

The edge degree of an edge uv is the sum of the degree of the vertices of u
and v. For the planar graph G, the inner vertex number i(G) of a graph G is
the minimum number of vertices not belonging to the boundary of the exterior
region in any embedding of G in the plane. A graph G is said to be minimally
nonouterplanar if i(G)=1 as was given by Kulli [4].[2
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We need the following results to prove further results.

Theorem 2.1 (2) . If G is a (p,q) graph whose vertices have degree di then

the line graph L(G) has q vertices and qLedges, where qL = −q + 1
2

∑
d2

i edges.

Theorem 2.2 (2) . The line graph L(G) of a graph is planar if and only

if G is planar, ∆(G) ≤ 4 and if degv = 4, for a vertex v of G, then v is a

cutvertex.

Theorem 2.3 (4) . A graph is outerplanar if and only if it has no subgraph

homeomorphic to K4 or K2,3.

We start with few preliminary results.

Lemma 3.1 For any planar graph G, L(G) ⊆ Rc(G).

Lemma 3.2 If a graph G contains a block as K2, then it becomes a pendent

vertex in Rc(G).

In the following theorem we obtain the number of vertices and edges of a

semirelib cutvertex graph of a plane graph.

Theorem 3.3 For any planar graph G with r regions and b blocks, the

semirelib cutvertex graph Rc(G) whose vertices have degree di,has (q +r+b+

c)vertices and 1
2

∑
d2

i +
∑

qj +
∑

ck edges where ck be the number of edges

incident to the cutvertex ck.

II. Preliminary Notes

III. Main Results

Proof. By the definition of Rc(G), the number of vertices is the union of

edges, regions, blocks and the number of cutvertices of G. Hence Rc(G) has ( q

+ r + b + c) vertices. Further by the Theorem 2.1, number of edges in L(G) is

qL = −q+ 1

2

∑
d2

i . Thus the number of edges in Rc(G) is the sum of the number

of edges in L(G), the number of edges bounded by the regions which is q, the

number of edges lies on the blocks is
∑

qj and the number of edges incident to

the cut vertices which is
∑

ck. Hence E[Rc(G)] = −q+ 1
2

∑
d2

i +q+
∑

qj +
∑

ck

= 1
2

∑
d2

i +
∑

qj +
∑

ck.

Theorem 3.4 For any edge ei ∈ G which is either an internal edge not

incident to a cutvertex or a pendent edge with edge degree n, then degree of the

corresponding vertex in Rc(G) is n+1.

Notes
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Proof. Suppose a pendent edge ei ∈ E(G) have edge degree n. Let v
′
i be

the corresponding vertex inRc(G). Clearly there are n - 1 edges adjacent to ei.

Also, by the definition of semirelib cutvertex graph, ei lies on only one region

and also on one block. Hence in Rc(G), deg (v
′
i)= n-1+1+1=n+1. Further,

if ei is an internal edge which is not incident to a cutvertex and v
′

i be the

corresponding vertex inRc(G) then there are n-2 edges adjacent to v
′
i. Also ei

lies on only one block and lies in two regions. Hence deg v
′
i= n-2+1+2=n+1.

Theorem 3.5 For any edge ei ∈ G which is an internal edge incident to a

cutvertex with edge degree n, then degree of the corresponding vertex in Rc(G)

is n+2.

Proof. Suppose a pendent edge ei ∈ E(G) have edge degree n. Let v
′
i be the

corresponding vertex inRc(G). Clearly there are n - 1 edges adjacent to ei.

Since ei is an internal edge which is incident to a cutvertex then there are n-2

edges adjacent to v
′

i. Also ei lies on only one block, lies in two regions and

incident to a cutvertex. Hence deg v
′
i= n-2+1+2+1=n+2.

Theorem 3.6 For any edge ei ∈ G which is an internal edge incident to

two cutvertices with edge degree n, then degree of the corresponding vertex in

Rc(G) is n+3.

Proof. Suppose a pendent edge ei ∈ E(G) have edge degree n. Let v
′
i be the

corresponding vertex inRc(G). Clearly there are n - 1 edges adjacent to ei.

Since ei is an internal edge which is incident to a cutvertex then there are n-2

edges adjacent to vi. Also ei lies on only one block,lies in two regions and

incident to two cutvertices. Hence deg v
′
i= n-2+1+2+2 = n+3.

Theorem 3.7 For any graph G with each block contains at least three edges,

then Rc(G) is nonseparable.

Proof. Let e1, e2, ...en ∈ E(G), r1, r2, ...rt be the regions, b1, b2, ...bm be the

blocks which are not K2 and c1, c2, ...ck. By the definition of line graph, the

corresponding vertices v
′
1, v

′
2, ...v

′
n ∈ Rc(G) form a subgraph without isolated

vertex. Since each block contains at least three edges and each region of G
has at least three edges. By the definition of Rc(G), each vertex is of degree

at least three. Also the cutvertices adjacent to v′
1, v

′
2, ...v

′
n. Hence Rc(G) is

nonseparable.

In the following theorem we obtain the condition for the planarity on

semirelib cutvertex graph of a graph.

Theorem 3.8 For any planar graph G, the Rc(G) is planar if and only if

G is a tree such that ∆(G) ≤ 3.

Notes
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Proof. Suppose Rc(G) is planar. Assume that ∃vi ∈ G such that degvi ≥ 4.
Suppose degvi = 4 and e1, e2, e3, e4 are the edges incident to vi. Let v

′
1, v

′
2, v

′
3, v

′
4

be the vertices of Rc(G) corresponding to e1, e2, e3, e4. By the definition of
line graph, v

′
1, v

′
2, v

′
3, v

′
4 form K4 as an induced subgraph. In Rc(G), the re-

gion vertex ri is adjacent with all vertices of L(G) to form K5 as an induced
subgraph. Further the corresponding block vertices b1, b2, b3, ..., bn−1 of blocks
B1, B2, B3, ..., Bn in G are adjacent to vertices of K5, which forms graph home-
omorphic to K5. By the Theorem 2.3, it is non planar, a contradiction.

Conversely, Suppose degv ≤ 3 and let e1, e2, e3 be the edges of G incident
to v. Let v

′
1, v

′
2, v

′
3 be the vertices of Rc(G) corresponding to e1, e2, e3. By the

definition of line graph v
′
1, v

′
2, v

′
3 form K3 as a subgraph. By the definition of

Rc(G), the region vertex ri is adjacent to v
′
1, v

′
2, v

′
3 to form K4 as a subgraph.

Further, by the lemma 2.2, the blocks vertices b1, b2, b3 of T forms a pendent
vertices of Rc(G). The cutvertex ci is adjacent to v

′
1, v

′
2, v

′
3 to form a graph

which is homeomorphic to K4. Hence Rc(G) is planar.
In the following theorem we obtain the condition for the outer planarity on

semirelib cutvertex graph of a graph.

Theorem 3.9 For any planar graph G, Rc(G) is outer planar if and only

if G is a path Pn.

Proof. Suppose Rc(G) is outer planar. Assume that G is a tree with at
least one vertex v such that degv = 3. Let e1, e2, e3 be the edges of G incident
to v. Let v

′
1, v

′
2, v

′
3 be the vertices of Rc(G) corresponding to e1, e2, e3. By the

definition of line graph v
′
1, v

′
2, v

′
3 form K3 as a subgraph. In Rc(G), the region

vertex ri is adjacent to v
′
1, v

′
2, v

′
3 to form K4 as induced subgraph. Further

by the lemma 3.2, b1 = e1, b2 = e2, ..., bn−1 = en−1 becomes n-1 pendant
vertices in Rc(G). Also the cutvertex ci is adjacent to v

′
1, v

′
2, v

′
3 to form a

graph homeomorphic to K4. Clearly i[Rc(G)] ≥ 1, which is non-outer planar
,a contradiction. Hence G must be a path.

Conversely, Suppose G is a path. Let e1, e2, e3, ..., en−1 ∈ E(G). Let
v

′
1, v

′
2, ...v

′
n−1 be the vertices of Rc(G) corresponding to e1, e2, ...en−2. By the

definition of line graph, L[Pn] = Pn−1. Further by the lemma 3.2, b1 = e1, b2 =
e2, ..., bn−1 = en−1 becomes n-1 pendant vertices and it becomes a caterpillar.
Further the region vertex ri is adjacent to all the vertices of L[Pn]. Also the
cutvertices c1, c2, e3, ..., cn−2 are adjacent to v

′
1, v

′
2, ...v

′
n−1 to form the graph

such that each block is K3. Clearly Rc(G) is outer planar.
In the following theorem we obtain the condition for the minimally non

outer planar on semirelib cutvertex graph of a graph.

Theorem 3.10 For any planar graph G, Rc(G) is not minimally nonouter

planar.

Proof. Follows from the above theorem.
In the following theorem we obtain the condition for the non eulerian on

semirelib cutvertex graph of a graph.

Notes
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Theorem 3.11 For any planar graph G, Rc(G) is always non Eulerian.

Proof. We consider the following cases.

Case1. Assume that G is a tree. In a tree each edge is a block and hence

b1 = e1, b2 = e2, ..., bn−1 = en−1∀en−1 ∈ E(G) and ∀bn−1 ∈ V [Rc(G)]. In

Rc(G), the block vertex bi is always a pendent vertex, which is non Eulerian.

Case2. Assume that G is a graph which contains at least one pendent

vertex. Suppose ei ∈ G is a pendent edge. In ei = bi ∈ V [Rc(G)] becomes a
pendent vertex, which is non Eulerian.

Case3. Assume that G is K2 -free graph. We have the following sub cases
of case3.

Sub case1. Suppose G itself is a block with even number of edges. Clearly

each edge of G is of even degree. By the definition of Rc(G) , both the region

vertices and blocks have even degree. By the Theorem 2.3 ei = bi ∈ V [Rc(G)]

is of odd degree, which is non Eulerian. Further if G is a block with odd
number of edges, then by the Theorem 3.3, each ei = bi ∈ V [Rc(G)] is of even
degree. Also the block vertex bi and region vertex ri are adjacent to these
vertices. Clearly degree of bi and ri is odd, which is non Eulerian.

Sub case2. Suppose G is a graph such that it contains at least one cutvertex.

If each edge is even degree then by the sub case 1, it is non Eulerian. Assume

that G contains at least one edge with odd edge degree. Clearly for any

ej ∈ E(G), degree of ej ∈ V [Rc(G)] is odd, which is non Eulerian. Hence for

any graph G Rc(G) is always non Eulerian.

In the following theorem we obtain the condition for the hamiltonian on
semirelib cutvertex graph of a graph.

Theorem 3.12 For any graph G, Rc(G) is hamiltonian if and only if G is

a graph such that each block contains at least three edges.

Proof. Suppose Rc(G) is hamiltonian. Assume that G has at least one

block which is K2. Let ei ∈ E(G) such that ei = bi ∈ V [Rc(G)]. By the

Lemma 3.2, bi becomes a pendent vertex. Clearly Rc(G) is non hamiltonian,

a contradiction.

Conversely, suppose G is K2- free graph. Let e1, e2, ...en−1 ∈ E(G) and

v
′
1, v

′
2, ...v

′
n−1 be the corresponding vertices of Rc(G). Let b1, b2, ...bi be the

blocks, r1, r2, ...rk be the regions and c1, c2, ...ck be the cutvertices of G such

that e1, e2, ...el ∈ V (b1), el+1, el+2, ...em ∈ V (b2), ... em+1, em+2, ...en−1 ∈
V (bi. By the Theorem 3.3, V [Rc(G)] = e1, e2, ...en−1 ∪b1, b2, ...bi ∪ r1, r2, ...rk

∪c1, c2, ...ck. By theorem 3.7, Rc(G) is non separable. By the definition,

b1e1, c1, e2, ...el−1r1b2, c2... r2emb3...ek+1, ck, ek+2,... en−1bkrkelb1 form a cycle

which contains all the vertices of Rc(G) . Hence Rc(G) is hamiltonian.

Notes
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Hilbert spaces over the field of complex numbers are indispensable for mathematical structure
of quantum mechanics [ ] which in turn play a great role in molecular, atomic and subatomic
phenomena. The work towards the generalization of quantum mechanics to bicomplex num-
ber system have been recently a topic in different quantum mechanical models [ , , , ].
More specifically, in [ ] the authors made an in depth study of bicomplex Hilbert spaces and
operators acting on them. After obtaining reasonable results responsible for investigations on
finite and infinite dimensional bicomplex Hilbert spaces and applications to quantum mechanics
[ ], they in [ ] asked for extension of Riesz-Fischer Theorem and Spectral Theorem
on infinite dimensional Hilbert spaces. Recently, the bicomplex analogue of the Spectral De-
composition Theorem was proven using bicomplex eigenvalues [ ]. In this paper, we obtain
a bicomplex analogue of the Riesz-Fischer Theorem [ ] on infinite dimensional Hilbert
spaces. Our proof of R-F Theorem is essentially different from its complex Hilbert space ana-
logue in the sense that we do not make use of the so called Parseval’s identity as done in general
Hilbert spaces over R or C. To support our results, we prove A Best Approximation Theorem
and we show that the bicomplex analogue of l2, the space of all (real, complex or bicomplex)
sequences {wl} such that

∑∞
l=1 |wl|2 < ∞, is a bicomplex Hilbert space. As for the standard

quantum mechanics, this specific result is fundamental to understand the space where live the
wave functions of the bicomplex Quantum Harmonic Oscillator [ , , ].

II. Preliminaries  

This section first summarizes a number of known results on the algebra of bicomplex numbers,
which will be needed in this paper. Much more details as well as proofs can be found in [ , ,
, ]. Basic definitions related to bicomplex modules and scalar products are also formulated

as in [ , ], but here we make no restrictions to finite dimensions following definitions of [ ].

15  
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The set M(2) of bicomplex numbers is defined as

M(2) := {w = z1 + z2i2 | z1, z2 ∈ C(i1)}, (2.1)

where i1 and i2 are independent imaginary units such that i21 = −1 = i22. The product of i1
and i2 defines a hyperbolic unit j such that j2 = 1. The product of all units is commutative
and satisfies

i1i2 = j, i1j = −i2, i2j = −i1.

With the addition and multiplication of two bicomplex numbers defined in the obvious way, the
set M(2) makes up a commutative ring. They are a particular case of the so-calledMulticomplex
Numbers (denoted M(n)) [ ] and [ ]. In fact, bicomplex numbers

M(2) ∼= ClC(1, 0) ∼= ClC(0, 1)

are unique among the complex Clifford algebras (see [ , ] and [ ]) in the sense that this set
form a commutative, but not division algebra.

Three important subsets of M(2) can be specified as

C(ik) := {x+ yik | x, y ∈ R}, k = 1, 2;

D := {x+ yj | x, y ∈ R}.
Each of the sets C(ik) is isomorphic to the field of complex numbers, while D is the set of
so-called hyperbolic numbers, also called duplex numbers (see, e.g. [ ], [ ]).

Three kinds of conjugation can be defined on bicomplex numbers. With w specified as in
and the bar (̄ ) denoting complex conjugation in C(i1), we define

w†1 := z̄1 + z̄2i2, w†2 := z1 − z2i2, w†3 := z̄1 − z̄2i2.

It is easy to check that each conjugation has the following properties:

(s+ t)†k = s†k + t†k ,
(
s†k

)†k = s, (s · t)†k = s†k · t†k .
Here s, t ∈ M(2) and k = 1, 2, 3.

With each kind of conjugation, one can define a specific bicomplex modulus as

|w|2i1 := w · w†2 = z21 + z22 ∈ C(i1),

|w|2i2 := w · w†1 =
(|z1|2 − |z2|2

)
+ 2Re(z1z̄2)i2 ∈ C(i2),

|w|2j := w · w†3 =
(|z1|2 + |z2|2

)− 2 Im(z1z̄2)j ∈ D.

It can be shown that |s · t|2k = |s|2k · |t|2k, where k = i1, i2 or j.

In this paper we will often use the Euclidean R4-norm defined as

|w| :=
√
|z1|2 + |z2|2 =

√
Re(|w|2j ) .

Clearly, this norm maps M(2) into R. We have |w| ≥ 0, and |w| = 0 if and only if w = 0.

Moreover [ ], for all s, t ∈ M(2),

|s+ t| ≤ |s|+ |t|, |s · t| ≤ √
2 |s| · |t|.

a) Bicomplex Numbers

i. Definition

ii. Conjugation and Moduli

,116 7 2    3

5  121

22     18

18

(2.1)
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The operations of the bicomplex algebra is considerably simplified by the introduction of two
bicomplex numbers e1 and e2 defined as

e1 :=
1 + j

2
, e2 :=

1− j

2
.

In fact e1 and e2 are hyperbolic numbers. They make up the so-called idempotent basis of the
bicomplex numbers. One easily checks that (k = 1, 2)

e21 = e1, e22 = e2, e1 + e2 = 1, e
†3
k = ek, e1e2 = 0. (2.2)

Any bicomplex number w can be written uniquely as

w = z1 + z2i2 = z
̂1e1 + z

̂2e2, (2.3)

where
z
̂1 = z1 − z2i1 and z

̂2 = z1 + z2i1

both belong to C(i1). Note that

|w| = 1√
2

√
|z

̂1|2 + |z
̂2|2 .

The caret notation (1̂ and 2̂) will be used systematically in connection with idempotent decom-

positions, with the purpose of easily distinguishing different types of indices. As a consequence

of ( ) and ( ), one can check that if n
√
z
̂1 is an nth root of z

̂1 and n
√
z
̂2 is an nth root of z

̂2,

then n
√
z
̂1 e1 + n

√
z
̂2 e2 is an nth root of w.

The uniqueness of the idempotent decomposition allows the introduction of two projection
operators as

P1 : w ∈ M(2) �→ z
̂1 ∈ C(i1),

P2 : w ∈ M(2) �→ z
̂2 ∈ C(i1).

The Pk (k = 1, 2) satisfies

[Pk]
2 = Pk, P1e1 + P2e2 = Id,

and, for s, t ∈ M(2),

Pk(s+ t) = Pk(s) + Pk(t), Pk(s · t) = Pk(s) · Pk(t).

The product of two bicomplex numbers w and w′ can be written in the idempotent basis as

w · w′ = (z
̂1e1 + z

̂2e2) · (z′̂1e1 + z′
̂2
e2) = z

̂1z
′
̂1
e1 + z

̂2z
′
̂2
e2.

Since 1 is uniquely decomposed as e1 + e2, we can see that w ·w′ = 1 if and only if z
̂1z

′
̂1
= 1 =

z
̂2z

′
̂2
. Thus w has an inverse if and only if z

̂1 
= 0 
= z
̂2, and the inverse w−1 is then equal to

(z
̂1)

−1e1 + (z
̂2)

−1e2. A nonzero w that does not have an inverse has the property that either

z
̂1 = 0 or z

̂2 = 0, and such a w is a divisor of zero. Zero divisors make up the so-called null cone

NC. That terminology comes from the fact that when w is written as in ( ), zero divisors are

such that z21 + z22 = 0.

Any hyperbolic number can be written in the idempotent basis as x
̂1e1+x̂2e2, with x̂1 and

x
̂2 in R. We define the set D+ of positive hyperbolic numbers as

D+ := {x
̂1e1 + x

̂2e2 | x
̂1, x̂2 ≥ 0}.

Since w†3 = z̄
̂1e1 + z̄

̂2e2, it is clear that w · w†3 ∈ D+ for any w in M(2).

iii . Idempotent Basis

2.2 2.3

2.1

Notes
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The set of bicomplex numbers is a commutative ring. Just like vector spaces are defined
over fields, modules are defined over rings. A module M defined over the ring of bicomplex
numbers is called an M(2)-module [ , , ].

Let M be an M(2)-module. For k = 1, 2, we define Vk as the set of all elements of the form

ek|ψ〉, with |ψ〉 ∈ M . Succinctly, V1 := e1M and V2 := e2M . In fact, Vk is a vector space
over C(i1) and any element |vk〉 ∈ Vk satisfies |vk〉 = ek|vk〉 for k = 1, 2. For arbitrary M(2)-
modules, vector spaces V1 and V2 bear no structural similarities. For more specific modules,
however, they may share structure. It was shown in [ ] that if M is a finite-dimensional free
M(2)-module, then V1 and V2 have the same dimension.

For any |ψ〉 ∈M , there exist a unique decomposition

|ψ〉 = |v1〉+ |v2〉, (2.4)

where vk ∈ Vk, k = 1, 2.

It will be useful to rewrite as

|ψ〉 = |ψ1〉+ |ψ2〉,
where

|ψ1〉 := e1|ψ〉 and |ψ2〉 := e2|ψ〉.

In fact, theM(2)-moduleM can be viewed as a vector spaceM ′ overC(i1), andM ′ = V1⊕V2.
From a set-theoretical point of view, M and M ′ are identical. In this sense we can say, perhaps

improperly, that the module M can be decomposed into the direct sum of two vector spaces

over C(i1), i.e. M = V1 ⊕ V2.

A bicomplex scalar product maps two arbitrary kets |ψ〉 and |φ〉 into a bicomplex number
(|ψ〉, |φ〉), so that the following always holds (s ∈ M(2)):

1. (|ψ〉, |φ〉+ |χ〉) = (|ψ〉, |φ〉) + (|ψ〉, |χ〉);
2. (|ψ〉, s|φ〉) = s(|ψ〉, |φ〉);
3. (|ψ〉, |φ〉) = (|φ〉, |ψ〉)†3 ;
4. (|ψ〉, |ψ〉) = 0 ⇔ |ψ〉 = 0.

The bicomplex scalar product was defined in [ ] where, as in this paper, the physicists’ con-
vention is used for the order of elements in the product.

Property 3 implies that (|ψ〉, |ψ〉) ∈ D, while properties 2 and 3 together imply that

(s|ψ〉, |φ〉) = s†3(|ψ〉, |φ〉). However, in this work we will also require the bicomplex scalar

product (·, ·) to be hyperbolic positive, i.e.

(|ψ〉, |ψ〉) ∈ D+, ∀|ψ〉 ∈M.

This is a necessary condition if we want to recover the standard quantum mechanics from the
bicomplex one (see [ ]).

Definition 2.1. Let M be a T-module and let (·, ·) be a bicomplex scalar product defined on
M . The space {M, (·, ·)} is called a M(2)-inner product space, or bicomplex pre-Hilbert space.
When no confusion arises, {M, (·, ·)} will simply be denoted by M .

In this work, we will sometimes use the Dirac notation

(|ψ〉, |φ〉) = 〈ψ|φ〉

iv . Bicomplex Scalar Product

(2.4)
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for the scalar product. The one-to-one correspondence between bra 〈·| and ket |·〉 can be estab-
lished from the Bicomplex Riesz Representation Theorem [ , Th. 3.7]. As in [ ], subindices
will be used inside the ket notation. In fact, this is simply a convenient way to deal with the
Dirac notation in V1 and V2. Note that the following projection of a bicomplex scalar product:

(·, ·)
̂k := Pk((·, ·)) :M ×M −→ C(i1)

is a standard scalar product on Vk, for k = 1, 2. One easily show [ ] that

(|ψ〉, |φ〉) = e1P1((|ψ1〉, |φ1〉)) + e2P2((|ψ2〉, |φ2〉))

= e1 (|ψ1〉, |φ1〉)̂1 + e2 (|ψ2〉, |φ2〉)̂2 .
= e1 〈ψ1|φ1〉1̂ + e2 〈ψ2|φ2〉2̂ .

(2.5)

We point out that a bicomplex scalar product is completely characterized by the two
standard scalar products (·, ·)

̂k on Vk. In fact, if (·, ·)
̂k is an arbitrary scalar product on Vk, for

k = 1, 2, then (·, ·) defined as in ( ) is a bicomplex scalar product on M .
From this scalar product, we can define a norm on the vector space M ′:∣∣∣∣|φ〉∣∣∣∣ := 1√

2

√
(|φ1〉, |φ1〉)̂1 + (|φ2〉, |φ2〉)̂2

=
1√
2

√∣∣|φ1〉∣∣21 + ∣∣|φ2〉∣∣22 . (2.6)

Here we wrote ∣∣|φk〉∣∣k =
√
(|φk〉, |φk〉)̂k ,

where | · |k is the natural scalar-product-induced norm on Vk. Moreover,∣∣∣∣|φ〉∣∣∣∣ = 1√
2

√
(|φ1〉, |φ1〉)̂1 + (|φ2〉, |φ2〉)̂2 =

∣∣√(|φ〉, |φ〉)∣∣.
Definition 2.2. Let M be an M(2)-module and let M ′ be the associated vector space. We say
that ‖ · ‖ :M −→ R is a M(2)-norm on M if the following holds:

1. ‖ · ‖ :M ′ −→ R is a norm;

2.
∥∥w · |ψ〉∥∥ ≤ √

2
∣∣w∣∣ · ∥∥|ψ〉∥∥, ∀w ∈ T, ∀|ψ〉 ∈M .

A M(2)-module with a M(2)-norm is called a normed M(2)-module. It is easy to check that
‖ · ‖ in ( ) is a M(2)-norm on M and that the M(2)-module M is complete with respect to
the following metric on M :

d(|φ〉, |ψ〉) = ∣∣∣∣|φ〉 − |ψ〉∣∣∣∣
if and only if V1 and V2 are complete (see [ ]).

Definition 2.3. A bicomplex Hilbert space is a M(2)-inner product spaceM which is complete
with respect to the induced M(2)-norm ( ).

III. Main Results

Throughout the text, by a bicomplex Hilbert space we shall mean an infinite dimensional
bicomplex Hilbert space. A normedM(2)-module with a Schauder M(2)-basis is called a count-
able M(2)-module.

Definition 3.1. A bicomplex Hilbert space M is said to be separable by a basis if it has a
Schauder M(2)-basis.

We note that by Theorem 3.10 in [ ], any SchauderM(2)-basis ofM can be orthonormalized.

Remark 3.2. A topological space S is called separable if it admits a countable dense subset W .

2.5

2.6
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8

8

8

8

12

[8
]
R
.
G
er
va
is
L
av
o
ie
,
L
.
M
a
rc
h
il
d
o
n
a
n
d
D
.
R
o
ch
o
n
,
In
fi
n
it
e
d
im

en
si
o
n
a
l
H
il
be
rt

sp
a
ce
s,
A
n
n
.

F
u
n
ct
.
A
n
a
l.
1
,
7
5
–
9
1
(2
0
1
0
).



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ref.

66

G
lo
ba

l
Jo

ur
na

l
of

Sc
ie
nc

e
Fr

on
tie

r
R
es
ea

rc
h 

  
  
  
 V

ol
um

e
X
III

X
II

 I
ss
ue

  
  
 e

rs
io
n 

I
V

I
Y
ea

r
  

20
13

© 2013   Global Journals Inc.  (US)

  
  

 
F

)

)

Bicomplex Riesz-Fischer Theorem

Proof. First observe that: 〈ψn|φn〉 − 〈ψ|φ〉

= 〈ψn|φn〉 − 〈ψ|φn〉+ 〈ψ|φn〉 − 〈ψ|φ〉
= 〈ψn − ψ|φn〉+ 〈ψ|φn − φ〉

= 〈ψn − ψ|φn − φ〉+ 〈ψn − ψ|φ〉 + 〈ψ|φn − φ〉 .
From this we get by the bicomplex Schwarz inequality ([ ], Theorem 3.8):

∣∣ 〈ψn|φn〉−〈ψ|φ〉 ∣∣
=

∣∣ 〈ψn − ψ|φn − φ〉+ 〈ψn − ψ|φ〉+ 〈ψ|φn − φ〉 ∣∣
≤ ∣∣ 〈ψn − ψ|φn − φ〉 ∣∣+ ∣∣ 〈ψn − ψ|φ〉 ∣∣+ ∣∣ 〈ψ|φn − φ〉 ∣∣

≤ [√
2
∣∣∣∣|ψn〉 − |ψ〉∣∣∣∣ · ∣∣∣∣|φn〉 − |φ〉∣∣∣∣+√

2
∣∣∣∣|ψn〉 − |ψ〉∣∣∣∣ · ∣∣∣∣|φ〉∣∣∣∣

+
√
2
∣∣∣∣|ψ〉∣∣∣∣ · ∣∣∣∣|φn〉 − |φ〉∣∣∣∣].

The proposition now follows easily.

Theorem 3.4 (Best Approximation Theorem). Let {|ψn〉} be an arbitrary orthonormal se-
quence in the bicomplex Hilbert space M = H1 ⊕H2, and let α1, . . . , αn be a set of bicomplex
numbers. Then for all |ψ〉 ∈M ,

∣∣∣∣|ψ〉 − n∑
l=0

αl|ψl〉
∣∣∣∣ ≥ ∣∣∣∣|ψ〉 − n∑

l=0

〈ψl|ψ〉 |ψl〉
∣∣∣∣.

Proof. By definition of the bicomplex inner product, the set {|ψnk〉} is also an arbitrary or-
thonormal sequence in the Hilbert space Hk for k = 1, 2. Therefore, using the classical Best
Approximation Theorem (see [ ], P.61) on the Hilbert spacesH1 andH2, we obtain for k = 1, 2:

∣∣|ψk〉 −
n∑

l=0

Pk(αl)|ψlk〉
∣∣
k
≥ ∣∣|ψk〉 −

n∑
l=0

〈ψlk|ψk〉̂k |ψlk〉
∣∣
k
.

Hence, by definition of the M(2)-norm, we have that

∣∣∣∣|ψ〉 − n∑
l=0

αl|ψl〉
∣∣∣∣ =

1√
2

√√√√ 2∑
k=1

∣∣|ψk〉 −
n∑

l=0

Pk(αl)|ψlk〉
∣∣2
k

≥ 1√
2

√√√√ 2∑
k=1

∣∣|ψk〉 −
n∑

l=0

〈ψlk|ψk〉̂k |ψlk〉
∣∣2
k

=
∣∣∣∣|ψ〉 − n∑

l=0

〈ψl|ψ〉 |ψl〉
∣∣∣∣.

An important consequence of the Best Approximation Theorem is that an orthonormal basis
for a dense subspace of a bicomplex Hilbert space is actually an orthonormal basis in the full
bicomplex Hilbert space. This is very useful result for the construction of specific orthonormal
basis in separable Hilbert spaces. The precise result is as follows.

Theorem 3.5. Let N be a dense subspace of the bicomplex Hilbert space M , and assume that
{|ml〉} is an orthonormal Schauder M(2)-basis for N . Then {|ml〉} is also an orthonormal
Schauder M(2)-basis for M .

Proposition 3.3. Let 〈·|·〉 be a bicomplex inner product in the bicomplex Hilbert space M and
let || · || be the induced norm. If the sequences {|ψn〉} and {|φn〉} in M converge to {|ψ〉} and
{|φ〉} respectively, then the sequence of inner products {〈ψn|φn〉} converges to 〈ψ|φ〉.
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Bicomplex Riesz-Fischer Theorem

This follows by Proposition and the short computation

〈ml|ψ〉 =
〈
ml| lim

n→∞

n∑
k=1

αkmk

〉
= lim

n→∞

〈
ml|

n∑
k=1

αkmk

〉
= αl,

valid for all l ∈ N. Now, to complete the proof, let us prove that any ket |φ〉 ∈ M admits the
same expansion form:

|φ〉 =
∞∑
l=1

〈ml|φ〉 |ml〉. (3.1)

To prove this assertion, let an arbitrary ε > 0 be given. Since, N is dense in M , we can choose
|ψ〉 ∈ N , such that

∣∣∣∣|φ〉 − |ψ〉∣∣∣∣ < ε
2 . Now write |ψ〉 = ∑∞

l=1 〈ml|ψ〉 |ml〉, and choose n0 ∈ N

such that

n ≥ n0 ⇒ ∣∣∣∣|ψ〉 − n∑
l=1

〈ml|ψ〉 |ml〉
∣∣∣∣ < ε

2
.

By the Best Approximation Theorem, we then get for all n ≥ n0,

∣∣∣∣|φ〉 − n∑
l=1

〈ml|φ〉 |ml〉
∣∣∣∣ ≤ ∣∣∣∣|φ〉 − n∑

l=1

〈ml|ψ〉 |ml〉
∣∣∣∣

≤ ∣∣∣∣|φ〉 − |ψ〉∣∣∣∣+ ∣∣∣∣|ψ〉 − n∑
l=1

〈ml|ψ〉 |ml〉
∣∣∣∣

≤ ε

2
+
ε

2
.

Hence,

|φ〉 = lim
n→∞

n∑
l=1

〈ml|φ〉 |ml〉 =
∞∑
l=1

〈ml|φ〉 |ml〉.

This prove that {|ml〉} is an orthonormal Schauder M(2)-basis for M .

The next result shows that all separable bicomplex Hilbert spaces are separable by a basis.

Lemma 3.6. Every separable bicomplex Hilbert space M has an orthonormal Schauder M(2)-
basis.

Proof. By the definition of separability, M contains a countable, dense subset W of kets in M .
Consider the linear subspace U in M consisting of all finite bicomplex linear combinations of
kets in W - the bicomplex linear span of W . Clearly, U is a dense sub-M(2)-module in M . By
the construction of U we can eliminate kets from the countable set W one after the other to
get a (bicomplex) linearly independent set {|φn〉} (finite, or countable) of kets in U that spans
U . However, a sub-M(2)-module U in M of finite dimension is a complete space, thus a closed
set in M , and then U = Ū =M a contradiction with our hypothesis. Therefore, the set {|φn〉}
is a countable (bicomplex) linearly independent set of kets in U . Now, since no |φn〉 (and thus
no 〈φn|φn〉) can belongs to the null cone, the classical Gram-Schmidt process can be applied
(see [ ], P.574). Hence, we can turn the sequence {|φn〉} into an orthonormal sequence {|ψn〉}
with the property that for all n ∈ N,

span{|φn〉}nl=1 = span{|ψl〉}nl=1

Proof. Since {|ml〉} is a Schauder M(2)-basis for N , any |ψ〉 ∈ N admits a unique expansion
as an infinite series |ψ〉 = ∑∞

l=1 αl|ml〉. In fact,

|ψ〉 =
∞∑
l=1

〈ml|ψ〉 |ml〉.

3   .3
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Theorem 3.7. If M is a separable bicomplex Hilbert space, then Hk (k = 1, 2) is an infinite
dimensional separable complex Hilbert space.

Proof. From Lemma , M = H1 ⊕H2 has an orthonormal Schauder M(2)-basis {|ψl〉}. It is
easy to see that {|ψlk〉} is also an orthonormal Schauder basis for Hk (k = 1, 2). Hence, Hk

(k = 1, 2) is separable by a basis. Now, from Theorem 3.3.6. in [ ], Hk (k = 1, 2) is an infinite
dimensional separable complex Hilbert space.

Definition 3.8. Denote by l22, the space of all (real, complex or bicomplex) sequences {wl}
such that ∞∑

l=1

|wl|2 <∞.

The bicomplex l22 space is clearly an M(2)-module. The norm of the associated vector space
(l22)

′ over C(i1) is defined by

||{wl}||2 =
( ∞∑

l=1

|wl|2
) 1

2

.

Theorem 3.9. l22 is a bicompex Hilbert space.

Proof. Let us prove that (l22)
′ = (e1l

2) ⊕ (e2l
2). This comes automatically from the fact that

any bicomplex sequence {wl} can be decomposed as the following sum of two sequences in
C(i1):

{wl} = e1{z1l − z2li1}+ e2{z1l + z2li1}.

To complete the proof, we need to verify that the norm || · ||2 coincides with the induced M(2)-
norm of the bicomplex Hilbert space (e1l

2)⊕ (e2l
2). Let || · || be the induced M(2)-norm of the

bicomplex Hilbert space (e1l
2)⊕ (e2l

2). Thus

∣∣∣∣{wl}
∣∣∣∣ = 1√

2

√∣∣{z1l − z2li1}
∣∣2
1
+
∣∣{z1l + z2li1}

∣∣2
2

where
∣∣ · ∣∣

1
=

∣∣ · ∣∣
2
is the classical norm on l2. Hence,

∣∣∣∣{wl}
∣∣∣∣ = 1√

2

√∣∣{z1l − z2li1}
∣∣2
1
+
∣∣{z1l + z2li1}

∣∣2
1

=
1√
2

√√√√ ∞∑
l=1

|z1l − z2li1|2 +
∞∑
l=1

|z1l + z2li1|2

=

√√√√ ∞∑
l=1

[|z1l − z2li1|2 + |z1l + z2li1|2]
2

= ||{wl}||2.

Since {|ψl〉} is orthonormal, we can use {|ψl〉} as a Schauder M(2)-basis to generate a linear
subspace N in M (for the unicity, see the proof of Theorem ). Then N is a dense sub-M(2)-
module inM , since U is a dense sub-M(2)-module in N . The latter follows since any ket |ψ〉 ∈ N
can be expanded into a series |ψ〉 = ∑∞

l=1 αl|ψl〉, showing that |ψ〉 = limn→∞
∑n

l=1 αl|ψl〉, and
hence that |ψ〉 is the limit of a sequence of kets in U .

By construction, {|ψl〉} is an orthonormal SchauderM(2)-basis for N and hence by Theorem
also for M .
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Proof.

Tk(|φ〉) = ek(T (|φ〉))

= ek(T (|φ1〉+ |φ2〉))

= T ((|φk〉)).

Theorem 3.11 (Riesz-Fischer). Every separable bicomplex Hilbert space M is isometrically

isomorphic to the bicomplex Hilbert space l22.

Proof. From Lemma , since M = H1 ⊕H2 is a separable bicomplex Hilbert space, it has an
orthonormal Schauder M(2)-basis:

{|m1〉, . . . , |ml〉, . . . }.
Then each |ψ〉 ∈M admits a unique decomposition as

|ψ〉 =
∞∑
l=1

wl|ml〉, wl ∈ M(2).

Since the infinite series above converges, by Theorem 3.11 in [ ], the series
∑∞

l=1 |wl|2
converges in R and thus {wl} ∈ l22. Now, define a map T : M → l22 as

T (|φ〉) = {wl}∞l=1 ∀|φ〉 ∈M.

T is a well defined map: Let |φ〉, |ψ〉 ∈ M be such that |φ〉 = |ψ〉. Hence,
∑∞

l=1 wl|ml〉 =∑∞
l=1 wl′|ml〉 and then by the uniqueness of the representation we find that wl = wl

′ for each
l ∈ N, which further implies that T (|φ〉) = T (|ψ〉). Next, we show that T is bicomplex linear.
Let |φ〉, |ψ〉 ∈M and α, β ∈ T. Then,

T (α|φ〉+ β|ψ〉) = T (α

∞∑
l=1

wl|ml〉+ β

∞∑
l=1

wl′|ml〉)

= T (

∞∑
l=1

(αwl)|ml〉+
∞∑
l=1

(βwl′)|ml〉)

= T (

∞∑
l=1

(αwl + βwl′)|ml〉)

= {αwl + βwl
′}

= α{wl}+ β{wl
′}

= αT (|φ〉) + βT (|ψ〉).

Lemma 3.10. Let M1,M2 be two M(2)-modules and T : M1 → M2 be a bicomplex linear
function. Then ∀|φ〉 ∈M1 we have

Tk(|φ〉) = T (|φk〉), (k = 1, 2).

We are now ready for the proof of the main result on the structure of infinite dimensional,
separable bicomplex Hilbert space. We show that the space of square summable bicomplex
sequences l22 Define the projection Tk :M −→ Vk as

Tk|φ〉 := ekT (|φ〉), ∀|φ〉 ∈M, k = 1, 2.

With this definition we have the following Lemma.

63.
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Bicomplex Riesz-Fischer Theorem

By Theorem , the classical Riesz-Fischer Theorem can be applied to Hk where T : Hk →
ekl

2 for k = 1, 2. Then we find that

(T (|φk〉), T (|φk〉))̂k =
∣∣T (|φk〉)∣∣2k

=
∣∣|φk〉∣∣2k

= 〈φk|φk〉̂k
for k = 1, 2, where

∣∣ · ∣∣
1
=

∣∣ · ∣∣
2
is the classical norm on l2. Thus, from Equation ( ), we get

that ∥∥T (|φ〉)∥∥ =
∥∥|φ〉∥∥.

This proves that T is an isometry. HenceM is isometrically isomorphic to the bicomplex Hilbert

space l22.
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3. Think Like Evaluators: If you are in a confusion or getting demotivated that your paper will be accepted by evaluators or not, then 
think and try to evaluate your paper like an Evaluator. Try to understand that what an evaluator wants in your research paper and 
automatically you will have your answer. 

4. Make blueprints of paper: The outline is the plan or framework that will help you to arrange your thoughts. It will make your paper 
logical. But remember that all points of your outline must be related to the topic you have chosen.  

5. Ask your Guides: If you are having any difficulty in your research, then do not hesitate to share your difficulty to your guide (if you 
have any). They will surely help you out and resolve your doubts. If you can't clarify what exactly you require for your work then ask the 
supervisor to help you with the alternative. He might also provide you the list of essential readings. 

6. Use of computer is recommended: As you are doing research in the field of Computer Science, then this point is quite obvious. 

 

7. Use right software: Always use good quality software packages. If you are not capable to judge good software then you can lose 
quality of your paper unknowingly. There are various software programs available to help you, which you can get through Internet. 

 

8. Use the Internet for help: An excellent start for your paper can be by using the Google. It is an excellent search engine, where you can 
have your doubts resolved. You may also read some answers for the frequent question how to write my research paper or find model 
research paper. From the internet library you can download books. If you have all required books make important reading selecting and 
analyzing the specified information. Then put together research paper sketch out. 

9. Use and get big pictures: Always use encyclopedias, Wikipedia to get pictures so that you can go into the depth. 

 

10. Bookmarks are useful: When you read any book or magazine, you generally use bookmarks, right! It is a good habit, which helps to 
not to lose your continuity. You should always use bookmarks while searching on Internet also, which will make your search easier. 
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Before start writing a good quality Computer Science Research Paper, let us first understand what is Computer Science Research Paper? 
So, Computer Science Research Paper is the paper which is written by professionals or scientists who are associated to Computer Science 
and Information Technology, or doing research study in these areas. If you are novel to this field then you can consult about

 
this field 

from your supervisor or guide.
 

TECHNIQUES FOR WRITING A GOOD QUALITY RESEARCH PAPER:
 

1. Choosing the topic:
 
In most cases, the topic is searched by the interest of author but it can be also suggested by the guides. You can 

have several topics and then you can judge that in which topic or subject you are finding yourself most comfortable. This can
 
be done by 

asking several questions to yourself, like Will I be able to carry our search in this area? Will I find all necessary recourses to accomplish 
the search? Will I be able to find all information in this field area? If the answer of these types of questions will be "Yes" then you can 
choose that topic. In most of the cases, you may have to conduct the surveys and have to visit several places because this field is related 
to Computer Science and Information Technology. Also, you may have to do a lot of work to find all rise and falls regarding the various 
data of that subject. Sometimes, detailed information plays a vital role, instead of short information.

 

 

11. Revise what you wrote: When you write anything, always read it, summarize it and then finalize it. 



 

  

 
 

16. Use proper verb tense: Use proper verb tenses in your paper. Use past tense, to present those events that happened. Use present 
tense to indicate events that are going on. Use future tense to indicate future happening events. Use of improper and wrong tenses will 
confuse the evaluator. Avoid the sentences that are incomplete. 

17. Never use online paper: If you are getting any paper on Internet, then never use it as your research paper because it might be 
possible that evaluator has already seen it or maybe it is outdated version.  

18. Pick a good study spot: To do your research studies always try to pick a spot, which is quiet. Every spot is not for studies. Spot that 
suits you choose it and proceed further. 

19. Know what you know: Always try to know, what you know by making objectives. Else, you will be confused and cannot achieve your 
target. 

 

20. Use good quality grammar: Always use a good quality grammar and use words that will throw positive impact on evaluator. Use of 
good quality grammar does not mean to use tough words, that for each word the evaluator has to go through dictionary. Do not start 
sentence with a conjunction. Do not fragment sentences. Eliminate one-word sentences. Ignore passive voice. Do not ever use a big 
word when a diminutive one would suffice. Verbs have to be in agreement with their subjects. Prepositions are not expressions to finish 
sentences with. It is incorrect to ever divide an infinitive. Avoid clichés like the disease. Also, always shun irritating alliteration. Use 
language that is simple and straight forward. put together a neat summary. 

21. Arrangement of information: Each section of the main body should start with an opening sentence and there should be a 
changeover at the end of the section. Give only valid and powerful arguments to your topic. You may also maintain your arguments with 
records. 

 

22. Never start in last minute: Always start at right time and give enough time to research work. Leaving everything to the last minute 
will degrade your paper and spoil your work. 

23. Multitasking in research is not good: Doing several things at the same time proves bad habit in case of research activity. Research is 
an area, where everything has a particular time slot. Divide your research work in parts and do particular part in particular time slot. 

 

24. Never copy others' work: Never copy others' work and give it your name because if evaluator has seen it anywhere you will be in 
trouble. 

 

25. Take proper rest and food: No matter how many hours you spend for your research activity, if you are not taking care of your health 
then all your efforts will be in vain. For a quality research, study is must, and this can be done by taking proper rest and food.  

 

26. Go for seminars: Attend seminars if the topic is relevant to your research area. Utilize all your resources. 
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12. Make all efforts: Make all efforts to mention what you are going to write in your paper. That means always have a good start. Try to 
mention everything in introduction, that what is the need of a particular research paper. Polish your work by good skill of writing and 
always give an evaluator, what he wants. 

13. Have backups: When you are going to do any important thing like making research paper, you should always have backup copies of it 
either in your computer or in paper. This will help you to not to lose any of your important. 

14. Produce good diagrams of your own: Always try to include good charts or diagrams in your paper to improve quality. Using several 
and unnecessary diagrams will degrade the quality of your paper by creating "hotchpotch." So always, try to make and include those 
diagrams, which are made by your own to improve readability and understandability of your paper. 

15. Use of direct quotes: When you do research relevant to literature, history or current affairs then use of quotes become essential but 
if study is relevant to science then use of quotes is not preferable.  



 

 

   

 

sufficient. Use words properly, regardless of how others use them. Remove quotations. Puns are for kids, not grunt readers. 
Amplification is a billion times of inferior quality than sarcasm. 

32. Never oversimplify everything: To add material in your research paper, never go for oversimplification. This will definitely irritate the 
evaluator. Be more or less specific. Also too, by no means, ever use rhythmic redundancies. Contractions aren't essential and shouldn't 
be there used. Comparisons are as terrible as clichés. Give up ampersands and abbreviations, and so on. Remove commas, that are, not 
necessary. Parenthetical words however should be together with this in commas. Understatement is all the time the complete best way 
to put onward earth-shaking thoughts. Give a detailed literary review. 

33. Report concluded results: Use concluded results. From raw data, filter the results and then conclude your studies based on 
measurements and observations taken. Significant figures and appropriate number of decimal places should be used. Parenthetical

 

remarks are prohibitive. Proofread carefully at final stage. In the end give outline to your arguments. Spot out perspectives of further 
study of this subject. Justify your conclusion by at the bottom of them with sufficient justifications and examples. 

 

34. After conclusion: Once you have concluded your research, the next most important step is to present your findings. Presentation is 
extremely important as it is the definite medium though which your research is going to be in print to the rest of the crowd. Care should 
be taken to categorize your thoughts well and present them in a logical and neat manner. A good quality research paper format is 
essential because it serves to highlight your research paper and bring to light all necessary aspects in your research.

 

Key points to remember:  

Submit all work in its final form. 
Write your paper in the form, which is presented in the guidelines using the template. 
Please note the criterion for grading the final paper by peer-reviewers. 

Final Points:  

A purpose of organizing a research paper is to let people to interpret your effort selectively. The journal requires the following sections, 
submitted in the order listed, each section to start on a new page.  

The introduction will be compiled from reference matter and will reflect the design processes or outline of basis that direct you to make 
study. As you will carry out the process of study, the method and process section will be constructed as like that. The result segment will 
show related statistics in nearly sequential order and will direct the reviewers next to the similar intellectual paths throughout the data 
that you took to carry out your study. The discussion section will provide understanding of the data and projections as to the implication 
of the results. The use of good quality references all through the paper will give the effort trustworthiness by representing an alertness 
of prior workings. 
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27. Refresh your mind after intervals: Try to give rest to your mind by listening to soft music or by sleeping in intervals. This will also 
improve your memory. 

28. Make colleagues: Always try to make colleagues. No matter how sharper or intelligent you are, if you make colleagues you can have 
several ideas, which will be helpful for your research. 

29. Think technically: Always think technically. If anything happens, then search its reasons, its benefits, and demerits. 

30. Think and then print: When you will go to print your paper, notice that tables are not be split, headings are not detached from their 
descriptions, and page sequence is maintained.  

31. Adding unnecessary information: Do not add unnecessary information, like, I have used MS Excel to draw graph. Do not add 
irrelevant and inappropriate material. These all will create superfluous. Foreign terminology and phrases are not apropos. One should 
NEVER take a broad view. Analogy in script is like feathers on a snake. Not at all use a large word when a very small one would be                    



 

  

 
 

Separating a table/chart or figure - impound each figure/table to a single page 
Submitting a manuscript with pages out of sequence 

In every sections of your document 

· Use standard writing style including articles ("a", "the," etc.) 

· Keep on paying attention on the research topic of the paper 

 

· Use paragraphs to split each significant point (excluding for the abstract) 

 

· Align the primary line of each section 

 

· Present your points in sound order 

 

· Use present tense to report well accepted  

 

· Use past tense to describe specific results  

 

· Shun familiar wording, don't address the reviewer directly, and don't use slang, slang language, or superlatives  

 

· Shun use of extra pictures - include only those figures essential to presenting results 

 

Title Page: 

 

Choose a revealing title. It should be short. It should not have non-standard acronyms or abbreviations. It should not exceed two printed 
lines. It should include the name(s) and address (es) of all authors. 
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Writing a research paper is not an easy job no matter how trouble-free the actual research or concept. Practice, excellent preparation, 
and controlled record keeping are the only means to make straightforward the progression.  

General style: 

Specific editorial column necessities for compliance of a manuscript will always take over from directions in these general guidelines. 

To make a paper clear 

· Adhere to recommended page limits 

Mistakes to evade 

Insertion a title at the foot of a page with the subsequent text on the next page 



 

 

   

 

shortening the outcome. Sum up the study, with the subsequent elements in any summary. Try to maintain the initial two items to no 
more than one ruling each.  

Reason of the study - theory, overall issue, purpose 
Fundamental goal 
To the point depiction of the research 
Consequences, including definite statistics - if the consequences are quantitative in nature, account quantitative data; results 
of any numerical analysis should be reported 
Significant conclusions or questions that track from the research(es) 

Approach: 

Single section, and succinct 
As a outline of job done, it is always written in past tense 
A conceptual should situate on its own, and not submit to any other part of the paper such as a form or table 
Center on shortening results - bound background information to a verdict or two, if completely necessary 
What you account in an conceptual must be regular with what you reported in the manuscript 
Exact spelling, clearness of sentences and phrases, and appropriate reporting of quantities (proper units, important statistics) 
are just as significant in an abstract as they are anywhere else 

Introduction:  

 

The Introduction should "introduce" the manuscript. The reviewer should be presented with sufficient background information to be 
capable to comprehend and calculate the purpose of your study without having to submit to other works. The basis for the study should 
be offered. Give most important references but shun difficult to make a comprehensive appraisal of the topic. In the introduction, 
describe the problem visibly. If the problem is not acknowledged in a logical, reasonable way, the reviewer will have no attention in your 
result. Speak in common terms about techniques used to explain the problem, if needed, but do not present any particulars about the 
protocols here. Following approach can create a valuable beginning: 

Explain the value (significance) of the study  
Shield the model - why did you employ this particular system or method? What is its compensation? You strength remark on its 
appropriateness from a abstract point of vision as well as point out sensible reasons for using it. 
Present a justification. Status your particular theory (es) or aim(s), and describe the logic that led you to choose them. 
Very for a short time explain the tentative propose and how it skilled the declared objectives. 

Approach: 

Use past tense except for when referring to recognized facts. After all, the manuscript will be submitted after the entire job is 
done.  
Sort out your thoughts; manufacture one key point with every section. If you make the four points listed above, you will need a

 

least of four paragraphs. 
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Abstract: 

The summary should be two hundred words or less. It should briefly and clearly explain the key findings reported in the manuscript--
must have precise statistics. It should not have abnormal acronyms or abbreviations. It should be logical in itself. Shun citing references 
at this point. 

An abstract is a brief distinct paragraph summary of finished work or work in development. In a minute or less a reviewer can be taught 
the foundation behind the study, common approach to the problem, relevant results, and significant conclusions or new questions.  

Write your summary when your paper is completed because how can you write the summary of anything which is not yet written? 
Wealth of terminology is very essential in abstract. Yet, use comprehensive sentences and do not let go readability for briefness. You can 
maintain it succinct by phrasing sentences so that they provide more than lone rationale. The author can at this moment go straight to 

                   



 

  

 
 

principle while stating the situation. The purpose is to text all particular resources and broad procedures, so that another person may 
use some or all of the methods in one more study or referee the scientific value of your work. It is not to be a step by step report of the 
whole thing you did, nor is a methods section a set of orders. 

 

Materials: 

Explain materials individually only if the study is so complex that it saves liberty this way. 
Embrace particular materials, and any tools or provisions that are not frequently found in laboratories.  
Do not take in frequently found. 
If use of a definite type of tools. 
Materials may be reported in a part section or else they may be recognized along with your measures. 

Methods:  

Report the method (not particulars of each process that engaged the same methodology) 
Describe the method entirely 
To be succinct, present methods under headings dedicated to specific dealings or groups of measures 
Simplify - details how procedures were completed not how they were exclusively performed on a particular day.  
If well known procedures were used, account the procedure by name, possibly with reference, and that's all.  

Approach:  

It is embarrassed or not possible to use vigorous voice when documenting methods with no using first person, which would 
focus the reviewer's interest on the researcher rather than the job. As a result when script up the methods most authors use 
third person passive voice. 
Use standard style in this and in every other part of the paper - avoid familiar lists, and use full sentences. 

What to keep away from 

Resources and methods are not a set of information. 
Skip all descriptive information and surroundings - save it for the argument. 
Leave out information that is immaterial to a third party. 

Results: 

 
 

The principle of a results segment is to present and demonstrate your conclusion. Create this part a entirely objective details of the 
outcome, and save all understanding for the discussion. 

 

The page length of this segment is set by the sum and types of data to be reported. Carry on to be to the point, by means of statistics and 
tables, if suitable, to present consequences most efficiently.You must obviously differentiate material that would usually be incorporated 
in a study editorial from any unprocessed data or additional appendix matter that would not be available. In fact, such matter should not 
be submitted at all except requested by the instructor. 
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Present surroundings information only as desirable in order hold up a situation. The reviewer does not desire to read the 
whole thing you know about a topic. 
Shape the theory/purpose specifically - do not take a broad view. 
As always, give awareness to spelling, simplicity and correctness of sentences and phrases. 

Procedures (Methods and Materials): 

This part is supposed to be the easiest to carve if you have good skills. A sound written Procedures segment allows a capable scientist to 
replacement your results. Present precise information about your supplies. The suppliers and clarity of reagents can be helpful bits of 
information. Present methods in sequential order but linked methodologies can be grouped as a segment. Be concise when relating the 
protocols. Attempt for the least amount of information that would permit another capable scientist to spare your outcome but be
cautious that vital information is integrated. The use of subheadings is suggested and ought to be synchronized with the results section. 
When a technique is used that has been well described in another object, mention the specific item describing a way but draw the basic 



 

 

Do not present the similar data more than once. 
Manuscript should complement any figures or tables, not duplicate the identical information. 
Never confuse figures with tables - there is a difference. 

Approach 
As forever, use past tense when you submit to your results, and put the whole thing in a reasonable order.
Put figures and tables, appropriately numbered, in order at the end of the report  
If you desire, you may place your figures and tables properly within the text of your results part. 

Figures and tables 
If you put figures and tables at the end of the details, make certain that they are visibly distinguished from any attach appendix 
materials, such as raw facts 
Despite of position, each figure must be numbered one after the other and complete with subtitle  
In spite of position, each table must be titled, numbered one after the other and complete with heading 
All figure and table must be adequately complete that it could situate on its own, divide from text 

Discussion: 

 

The Discussion is expected the trickiest segment to write and describe. A lot of papers submitted for journal are discarded based on
problems with the Discussion. There is no head of state for how long a argument should be. Position your understanding of the outcome
visibly to lead the reviewer through your conclusions, and then finish the paper with a summing up of the implication of the study. The
purpose here is to offer an understanding of your results and hold up for all of your conclusions, using facts from your research and
generally accepted information, if suitable. The implication of result should be visibly described. 
Infer your data in the conversation in suitable depth. This means that when you clarify an observable fact you must explain mechanisms
that may account for the observation. If your results vary from your prospect, make clear why that may have happened. If your results
agree, then explain the theory that the proof supported. It is never suitable to just state that the data approved with prospect, and let it
drop at that. 

Make a decision if each premise is supported, discarded, or if you cannot make a conclusion with assurance. Do not just dismiss
a study or part of a study as "uncertain." 
Research papers are not acknowledged if the work is imperfect. Draw what conclusions you can based upon the results that
you have, and take care of the study as a finished work  
You may propose future guidelines, such as how the experiment might be personalized to accomplish a new idea. 
Give details all of your remarks as much as possible, focus on mechanisms. 
Make a decision if the tentative design sufficiently addressed the theory, and whether or not it was correctly restricted. 
Try to present substitute explanations if sensible alternatives be present. 
One research will not counter an overall question, so maintain the large picture in mind, where do you go next? The best
studies unlock new avenues of study. What questions remain? 
Recommendations for detailed papers will offer supplementary suggestions.

Approach:  

When you refer to information, differentiate data generated by your own studies from available information 
Submit to work done by specific persons (including you) in past tense.  
Submit to generally acknowledged facts and main beliefs in present tense.  
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Content 

Sum up your conclusion in text and demonstrate them, if suitable, with figures and tables.  
In manuscript, explain each of your consequences, point the reader to remarks that are most appropriate. 
Present a background, such as by describing the question that was addressed by creation an exacting study. 
Explain results of control experiments and comprise remarks that are not accessible in a prescribed figure or table, if 
appropriate. 
Examine your data, then prepare the analyzed (transformed) data in the form of a figure (graph), table, or in manuscript form. 

What to stay away from 
Do not discuss or infer your outcome, report surroundings information, or try to explain anything. 
Not at all, take in raw data or intermediate calculations in a research manuscript.                    



 

Do not give permission to anyone else to "PROOFREAD" your manuscript. 

Methods to avoid Plagiarism is applied by us on every paper, if found guilty, you will be blacklisted by all of our collaborated
research groups, your institution will be informed for this and strict legal actions will be taken immediately.) 
To guard yourself and others from possible illegal use please do not permit anyone right to use to your paper and files. 

The major constraint is that you must independently make all content, tables, graphs, and facts that are offered in the paper.
You must write each part of the paper wholly on your own. The Peer-reviewers need to identify your own perceptive of the
concepts in your own terms. NEVER extract straight from any foundation, and never rephrase someone else's analysis. 
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Please carefully note down following rules and regulation before submitting your Research Paper to Global Journals Inc. (US):  

Segment Draft and Final Research Paper: You have to strictly follow the template of research paper. If it is not done your paper may get
rejected.  



 

 

CRITERION FOR GRADING A RESEARCH PAPER (COMPILATION)
BY GLOBAL JOURNALS INC. (US)

Please note that following table is only a Grading of "Paper Compilation" and not on "Performed/Stated Research" whose grading 

solely depends on Individual Assigned Peer Reviewer and Editorial Board Member. These can be available only on request and after 

decision of Paper. This report will be the property of Global Journals Inc. (US).

Topics Grades

A-B C-D E-F

Abstract

Clear and concise with 

appropriate content, Correct 

format. 200 words or below 

Unclear summary and no 

specific data, Incorrect form

Above 200 words 

No specific data with ambiguous 

information

Above 250 words

Introduction

Containing all background 

details with clear goal and 

appropriate details, flow 

specification, no grammar 

and spelling mistake, well 

organized sentence and 

paragraph, reference cited

Unclear and confusing data, 

appropriate format, grammar 

and spelling errors with 

unorganized matter

Out of place depth and content, 

hazy format

Methods and 

Procedures

Clear and to the point with 

well arranged paragraph, 

precision and accuracy of 

facts and figures, well 

organized subheads

Difficult to comprehend with 

embarrassed text, too much 

explanation but completed 

Incorrect and unorganized 

structure with hazy meaning

Result

Well organized, Clear and 

specific, Correct units with 

precision, correct data, well 

structuring of paragraph, no 

grammar and spelling 

mistake

Complete and embarrassed 

text, difficult to comprehend

Irregular format with wrong facts 

and figures

Discussion

Well organized, meaningful 

specification, sound 

conclusion, logical and 

concise explanation, highly 

structured paragraph 

reference cited 

Wordy, unclear conclusion, 

spurious

Conclusion is not cited, 

unorganized, difficult to 

comprehend 

References

Complete and correct 

format, well organized

Beside the point, Incomplete Wrong format and structuring

                 
© Copyright by Global Journals Inc.(US) | Guidelines Handbook

XIX



 

  
  
  

  

 

  
  
 

 

 

 

 
 

  
  
  
  

  
  

  

 

  
  
  

 

  
  
  

  
  
  

  

 

  

 

  

 

  
  

 

  
  
  

 

  

 

  
  

  
  
  
  

 

  

 

  

  
  

Index            

A

Appropriate · 43
Approximation · 109, 124, 126, 128

B

Bicomplex · 109, 111, 112, 113, 114, 116, 127, 129, 130, 
131, 132, 134

C

Cohomology · 77
Contravariant · 69, 81

G

Generalization · 27, 43, 44, 45, 77, 109
Guaranteeing · 90

H

Homeomorphically · 97
Hypergeometric · 16, 43, 45

I

Isometrically · 130, 132
Isomorphism · 100

L

Lipschitzian · 5
Lyapunov · 1, 3, 13

N

Neighbourhood · 48, 56

O

Orthonormalized · 114

P

Polynomials · 25, 27, 31, 43, 44, 45

R

Representation · 16, 18, 19, 21, 23, 24, 114
Rodrigues · 27, 45

S

Subclasses · 48, 50, 52, 54, 56, 58, 60, 62, 64, 66
Summarizes · 109

T

Terminology · 81, 103, 112



                 Global Journal of Science Frontier Research

Visit us on the Web at www.GlobalJournals.org | www.JournalofScience.org

or email us at helpdesk@globaljournals.org

save our planet

9 2

70 116 58 698 >72416ISSN 9755896

© 2013 by Global Journals© 201 by Global Journals© 201 by Global Journals© 201y Global Journals©  Global Journals


	Global Journal of Science Frontier Research
	Volume 13 Issue 1 (Ver. 1.0)
	Copyright Polices

	Honourable 
Board Members
	Chief Author
	Contents
	1. Uniform Strict Practical Stability Criteria for Impulsive Functional Differential Equations
	2. A Study on New Sequence of Functions Involving the Generalized Contour Integral
	3. Certain New Subclasses of Analytic Univalent Functions in the Unit Disk
	4. Some Results on a Lorentzian Para Sasakian Manifolds
	5. Multi-Presheaves and Multi-Sheaves Constructions
	6. Semirelib Cutvertex Graph
	7. Bicomplex Riesz-Fischer Theorem
	Fellows
	Auxiliary Memberships
	Process of submission of Research Paper
	Author Guidelines
	Index

