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Abstract- This article basically focused on some statistical properties of exponentiated-weighted weibull model which of
course numerous authors have written one thing or the other on exponential weibull distribution and not on exponential-
weighted weibull. This model is established with a view to obtaining a model that is better than both weighted weibull
and weibull distribution in terms of the estimate of their characteristics and their parameters using the logit of Beta by
Jones (2004). The weighted weibull distribution is proposed by Mahdy (2013) with an additional parameter called
“sensitive skewness parameter”. Some basic properties of the proposed model including moments and moment
generating function (first and second moments about the origin even with standard deviation are derive), survival rate
function, hazard rate function, asymptotic behaviours, and the estimation of parameters have been studied. The result
from the new model is better representativeness in data and its flexibility and shape.

Keywords: exponentiated-weighted weibull, hazard rate, moments, weighted-weibull, survival rate.

I. [NTRODUCTION

In recent time, numerous researchers had used weibull distribution as an
alternative to some distribution e.g Gamma and Log-normal distribution in reliability
engineering and life testing. The weibull distribution is a well known common
distribution and has been a powerful probability distribution in reliability analysis,
while weighted distributions are used to adjust the probabilities of the events as
observed and recorded. Mahdy applied Azzalini’s method to the weibull distribution
that produced a new class of weighted weibull distribution as WW (4, 8, @) distribution

with an additional parameter called “Sensitive Skewness Parameter” and the sensitive
skewness parameter governs essentially the shape of the probability density function of
the WW (4, B, «) distribution.

The probability density and the cumulative density function (pdf and cdf) of the
new class of weighted weibull distribution by Mahdy (2013) is given by

8 (1+af )yﬁ_le_’lyﬁ (1—e~A(ay )ﬁ)

fyl{/l,ﬁ,a}|(y) = oF , for y>0 (]_)
and
— —ayB 1+aﬂ)
[(1+aﬁ)(1—e Ayﬁ)+e B ( —1] 2
Fyiapan®) = = (2)
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The PDF of WW with a=1, b=1, ¢=0.5, d=3.5, e=2
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Figure 1 : The Probability Density Function of Weghted Weibull Distribution with a=1,
b=1,4=0.5, =35, a =2

Authors on exponenetiated-weighted weibull are very few. The aim of this article
is to introduce and investigate this distribution on its statistical properties. The paper is
divided as follows: In section 2, we present the proposed distribution exponentiated-
weighted weibull distribution. Moments, and moment generating function is studied in
section 3, section 4, discussed on the estimation of parameters mathematically and in
section b we preset the real application to data set and section 6 concluded the research.

[I.  THE PROPOSED EXPONENTIATED-WEIGHTED WEIBULL DISTRIBUTION

Recently, many authors have studied the properties of exponentiated
distributions. For instance, Gupta et al (2001) for exponential pareto, Nadarajah and
Gupta (2007) for exponential gamma distribution, Mudholkar et al (1995) studied on
exponentiated weibull distribution, Salem and Abo-Kasem (2011) based their research
on estimation for the parameters of the exponentiated weibull distribution, Gupta and
Kundu (2001) they put up a paper on exponentiated exponential etc. Azzalini (1985)
first proposed a method of obtaining weighted and the method has been used extensively
for several symmetric and non-symmetric distributions. Mahdy (2013) applied the
method to study a new class of weighted weibull distribution with an additional

parameter called “sensitive skewness parameter”. More so, various extensions of weibull
and exponential distribution have been proposed in literature. An extension of
exponential distribution has been provided by Nadarajah and Kotz (2005) using the
logit of Beta distribution and the logit of Beta distribution (the link function of the Beta
generalized distribution) is introduced by Jones (2004). Since then extensive work has
been done using the logit of beta distribution in literature. For instance, Gupta and
Kundu (1999) proposed a generalized exponential distribution which provides an
alternative to exponential and weibull distributions. Famoye et al (2005) also introduced
the Beta-weibull distribution alongside its major properties and Cordeiro et al (2011)
among others.

Now, letting y be a random variable form of the distribution with parameters and
defined (1) and (2) using the logit of beta by Jones (2004), we then have

fow® = 5o PO 1= FOIIP () (3)
by setting b=1, we get
feww’ = alFMI*™ f) (4)
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Putting expressions (1) and (2) in (4) to obtain the probability density function
of Exponenetiated-weighted weibull distribution

a—1
o) _ [(““B)(l_e_Ayﬁ)+E_Ayﬁ(l+aﬁ)—1] A8 (1+aP )yB—1e=1F (1—e=2@)F)
feww ™~ =a oF — (5)

The PDF of EWW with a=1.5, b=1, ¢=1.5, d=3.5, e=2
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Figure 2 : The PDF of Exponentiated Weighted Weibull Distribution with values of the
parameters (a = 1.5,b =1,c =A1=15,d =a =3.5,e = f = 2.) and is rightly skewed

Where a >0,41>0,8>0,a >0andy > 0 such that Y~EWW ((a, A4, B, «). Equation
(5) is the pdf of Exponenetiated-weighted weibull distribution.

[(1+a5)(1—e -yP )+e_'1yﬁ (Haﬁ)—l]
ab

set u(x) =

B\, B—=1,-AyP 11 —A(ay)P
;z_;a _ B (1+af)y AP L (1 + af) (1-e®")+e W 0 1] (6)

substituting dy into (5), we obtain

o = a1+ @) (1= ") £ e ) 1] a (7)

1
u =a_ﬂ{(1 +aﬁ)(1 —e"lyﬁ) + e (ef) _q

Now, (5) can becomes

o) — a[u]a—ld_u (8)

feww dy

a) Cumulative Density Function (cdf)
The probability density function (pdf) of EWW(a,4,8,a) given in (7), then
expression (7) can be written as

y
FEWW(y) =PY <y)= -fo fwdu

1 —AyB “AyB (1+af a=1 38 (1+aB)yp-1e=2vF (1—p-2@@)F)
=fg'a[a—ﬁ{(1+a5)(1—e’1y)+e’1y (1+“)—1] (1+al)y eaﬂ ‘ du 9)
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y
FEWW(y) =P(Y<y)= f alU]*"! du
0
=a ny[U]"‘_1 du and the cdf is obtained as
FEWW(y) = - (10)

b) The Survival Rate Function
The survival rate function of the Exponentiated-weighted weibull distribution is No tes

given by  Spww () =1 — Fpyw (y) =1 - ny fwdu

=1—afJ[UI* du=1-]- (7
Seww () =1+ ()° an

C¢) The Hazard Rate Function
The hazard rate function of a random variable y with the pdf and cdf is defined by

feww (¥)

hpww (¥) = Tww(}’)

Hence, the EWW (a, A, 8, @) with fgyw (¥) and Fgyy () respectively defined in (4)
and (10), the hazard rate function can be expressed as:

a(w)*

B Seww (¥) (12)

where U is expression in (5)

li li
To show that yﬁ o hgyw (y) = 0and y =0 hgww () = 0, we have the following

lim lim a@)* 1y’
y— @ hgyy (y) = y — T—(+y)e

where, u' = %{(1 + aﬁ) (1 — e—/lyﬁ) + e (1+af) _ ¢

a_llﬁ (1+0(ﬁ )yﬁ_le_lyﬁ (1—9_’1(0‘3’ )ﬁ)
B
a

lim a[a%{(lﬂxﬁ)(l_e—lyﬁ)+e—/1yﬁ(1+aﬁ)_1]
:y_) (0)0] 1_(1+x)a

For simplification on the rigorous mathematics, we take the limit of the following:
When y 500 =0andy—->0=0

im  AB(1 + af)yPte " (1 — e~2 @)’y im  AB(1 + af )ooP g2 (1 — g=H(aw)y

=0
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lim 28 (1+af)0f~1e=20F (1_¢=2(a0)f

Asy oo =0andy — 0 =0, expression (12) above tends to ocoand 0 and equal to
Zero.

d) Asymptotic Behaviours
lim
Following the steps in hazard function above taken y— o fryw (y) and

I
y =0 feww (v) of the EWW (a, A4, B, @) distribution is investigated as follows. Now from
expression (5),

we have

_ayh _ayB (14af) 14
lim ) [(1+af) (1—e 4 )+e AyF (1+a7) AB(1 + af)yf-le=" (1 — e=4@))
y =9/ wwly) =a

af ab

taking the limit

im  AB(1 + af )yP-te ' (1 — e~2 (@)
(o0}

im AB(1+ aﬁ)ooﬁ‘le‘mﬁ (1 — e~@=)Fy
= y—) S

=y—)

af af

=0

lim 28 (14aP)0f~1e-20F (1 _o-2(a0)f
= y—) 0 ﬁ( i ) eaﬁ d-e ) = 0

From the above results as y > =0andy — 0 =0, this shows that the
distribution has at least a mode.

[1I.  MOMENTS AND MOMENT GENERATING FUNCTION
Hosking (1990) described in their paper that when a random variable following a
’ 1
generalized beta generated distribution i.e y~GBG(f,a,c) then u, = E[F71K<]" where
K~B(a,1),c is a constant and F~!(y) is the inverse of CDF of the weighted weibull
distribution, since EWW (a, 4, B, @) distribution is a special form when a=c=1.We then

derive the moment generating function (mgf) of the proposed distribution m(t) =
E(e") and the general rth moment of a beta generated distribution is defined by

#’r = B(i,l) fol[F_l(y)]r [y]a_1 du (13)

Also, using the taylor series expansion around the point E (yf) = Uy to obtain
tr = T (GO * [F O )] ZRoo (1" () (14)

Cordeiro et al (2011) gave an alternative series expansion for i, in terms of
r(r,U) = E(U” F(U)") where k follows the parent distribution then for u =0, 1, ...

= B(;, 1)i(_1)i (b : 1) ri=1
i=0
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They further described another mgf of y for generated beta distribution as

M) = 5o S D (“T) At i - 1) (1)
Where, p(t,T) = f eV[FOI™ f(y) dy
Therefore, M, = e B (D () [T, eV [FO D~ f(0) dy (16)

Substituting both probability density and cumulative density function of the
weighted weibull distribution into (16), we obtain

v [aiﬂ{(l +af) (1 - e-/lyﬁ) 4 e yP(1+af) _ 1](i+1)-1

28 (1+af )yﬁ_le_lyﬁ (1—3_1(’”)/;)
aB dy

, e
MEWW(ygt) = azzﬁo(—l)l(a:l)f (17)

Equation (17) becomes the mgf of Exponentiated-weighted weibull distribution.
Then, setting a=1 and i = 0, the same expression (17) is reduced to becomes the parent
distribution. To obtain the rth moment of EWW (a,A,B,a), the weighted weibull
distribution by Mahdy (2013) and is given by

o AB(1+ af)yP-le=’ (1 — e"l(“y)ﬁ)
M O =] et dy
o) 0 aﬂ

o LA+ D - (14 a#) (7)) (18)

Equation (17) can be re-written as

Cra—1\ t L i+ _(1tB
Mo = a S0 50~ () A A F 1+ ey - (14 )5 3 19)
The rth moment of the EWW (a, A, [, ) distribution can also be written from
equation (19) as
' a—1 T+ _(ﬂ)
t = E(M) = a2 (-0 (V)77 A7 A+ rEH A - 1+ )N ) ) (20)
Again, putting a = 1 in expression (20) leads to the rth moment of the weighted
weibull model by Mahdy (2013) and is given by

r+p

= E(r) = ST+ e - (1 + ) (T (21)

r+p

_(Tt8
By = a%2(-D () S0P+ rChHa- 1+ T ) (@)
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From (22), it is easy to obtain the first and the second mean about the origin e.g
when r = land the second moment when r = 2, etc.

The first moment of EWW (a, A, 5, &) is obtain

Hwwe = A S DT ST +ardha -1+ )Ty @)

N The second moment can also be obtained as follows:
otes
w =V(a,L4B8a)% =V, -V, (24)

where,

2+p Car

-1\ 1 2 (£
)0 71+ aHNEm)A - (1+a)) 555

i

Vi = B B,a)") = ai(—l)i<
i=0

v =E@a80® =@y -1 (*7 )T +an)r (1’#) <1 ~(+at)y (7 })z
i=0

Likewise, the standard deviation is given by
SDEWW' (a, A,ﬁ, (Z)(Y) = ﬁVl - VZ

V. ESTIMATION OF PARAMETER

We show the maximum likelihood estimate (MLEs) of the parameter of
EWW (a, A, B, a) distribution mathematically following Cordeiro et al (2011) and Shittu
and Adepoju (2013) studied on the log-likelihood function for w = (a,c,¢), where
@ = (4, B, a) and setting w to be a vector of parameter and is given by

L(w) = nlogc —nlog[B(a, )] + Xiz loglf (v; @)1 + (a — 1) Xy log [F(y; )] (25)
Note that, b = ¢ = 1 (24) becomes 0 = (a, @)

L(w) = —nlog(a, 1) + Xi-; log[f (v; @)1 + (a — 1) Xi=; log [F (v; ¢)] (26)

BYyB—1,-2yF (1 _o—2(ay)Ff
where, flyg) =2e e 2 Qe B ) g

F(y; ) = aiﬂ{(l +af) (1 - e—M) 4 e F(+af) _ g
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LEW

©) — —nlog(a,1) + X", logl of

B (1+a5)y5_1e_’1yﬁ (1—e @)y

] +(a— 1) log [ ((1+

af) (1 — e"“’ﬁ) + e (+af) _ 1] (27)

For determining the MLE of a, 2,3, a, we take the partial derivative of the (27)

with respect to (a, 4, B, a) as follows:

¢
Lgww
da

= —nlog(a,1) + (a — 1) Xj_; log [aiﬁ{(l +af) (1 - e"lyﬁ) + e~y (1+af) _ 1] (28)

3B (1+aﬁ )yﬁ_le_}‘yﬁ (1—9_1(“3’ )ﬁ)

L@

EWW _ _ y'n o af

ar ZJ’=1 logl A8 (1+aﬁ)yﬁ—1e—ly5(1—9—1(“3’)'3) I+
B
a

2 t(1rat)(1-e=0 e () g

a-1)X"_;lo 29
( ) = gl Lﬂ{(lﬂxﬁ)(l—eﬂyﬁ)+e_'1yﬁ(1+aﬁ)_1 | ( )
3 B (1+aﬁ)ye_’1yﬁ (1—e_l(“y)ﬂ)
LEWI/I(/w) =%"__1Io [ 9B aB ]
B y=110g /w(1+a[)’)yﬁ—1e—/1yﬁ(1_9—/1(ay)ﬁ)
aB
a 1 _ -1 ﬁ(1+aﬁ)
—(1-——{(1+af)(1—e=Y )+e " -1)
(a-1)%p_; log [F—=- (30)

a%{(l—i—aﬁ)(l—e_’lyﬁ )_l_e—/lyl? (1+aﬂ)_1

9 B (1+aﬁ )yﬁ_le_)‘yﬁ (l—e_)‘(ay )ﬂ)

()
3} 7

Leww . n oa
oa Xy=1logl 28 (14aP YyP—1e=2¥F q_e=2(@y )P I
oF
? 1 ~ayBY o~ F (14aF)
5w (1= —5{(1+aP ) (1-e 4" )4e -1
(a-1)X5— log [* ] (81

a%{(l-i-aﬁ)(l_e —Zy/; )+e —Ayﬁ (1+aﬁ)_1

The equations derive above can also be solved using iteration method (Newton

Raphson) to obtain the @1, 8, & the MLE of (a, A, 8, a) respectively.

Taking second derivatives of the said equations 28, 29, 30 and 31 with respect to

the parameters above, it is possible to derive the interval estimate and hypothesis tests
on the model parameter. This may be shown in further research.

V. REAL DATA SET

The data used in this section was studied by Lemonte in his BJPS Accepted

Manuscript on the remission times (in months) of a random sample of 128 bladder
cancer patients reported in Lee and Wang (2003) to compare and contrast the
Exponentiated Weighted Weibull and Weighted Weibull distribution.
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R (code) software is used to determine the maximum likelihood estimates and
the log-likelihood for the Exponentiated Weighted Weibull distribution are: @ =

8.95941, 1 =8.17089, f = 836111, @ = 7.91621 and loggyy, = 448.5781 while the
maximum likelihood estimates and the log-likelihood for the Weighted Weibull

distribution are: 1 = 7.90434, f = 8.44282, @ = 8.70033 and logy,y = 448.4913, where

lgiww and lgyyw denote log-likelihood of both Exponentiated Weighted Weibull
distribution and Weighted Weibull distribution.

0.802169648 —0.02880174 0.002221849 —0.02674447

—0.028801742 0.65433442 —0.025345533 —0.02069611
0.002221849 —0.02534553 0.705642669 —0.02353514

—0.026744474 -0.02069611 —0.023535137 0.60907454

VI. CONCLUSION

We investigated on the statistical properties of the proposed distribution e.g
moments, moment generating function, estimation of parameters using R (Code)
software for data analysis presented in this article. We also upgraded with an additional
parameter to the existing three parameters in the weighted weibull distribution and the
results from the estimated parameters show that the Exponentiated Weighted Weibull
distribution has a better representation of data than weighted weibull distribution.
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