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Absiract- In this paper, equivalent conditions for various generalized inverses of a con-s-k-EPr matrix to be con-s-k-EPr
are determined. Generalized inverses belonging to the sets A{1,2}, A{1,2,3} and A{1,2,4} of a con-s-k-EPr matrix A are
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[.  INTRODUCTION

Let c,,., be the space of nxn complex matrices of order n. let C,, be
the space of all complex n tuples. For Aec,,, . Let A4, AT, A*, AS 6 A5, AT,
R(A), N(A) and p(A) denote the conjugate, transpose, conjugate transpose,
secondary transpose, conjugate secondary transpose, Moore Penrose inverse
range space, null space and rank of A respectively. A solution X of the
equation AXA = A iscalled generalized inverse of A and isdenoted by A~ . If

A € ¢,y then the unique solution of the equations A XA =A , XAX = X,
[AX]* = AX, (XA)':'z XA [2] is called the Moore-Penrose inverse of A and
is denoted by AT. A matrix A is caled con-sk-EP, if p(A)=r and
N(A) = N(ATVK) (or) R(A)=R(KVAT). Throughout this paper let “£" be the
fixed product of digoint transposition in S,={ 1,2,....n} and Kk be the

associated permutation matrix .

Let us define the function &(X)Z(xk(l),xk(z),...,xk(n)). A matrix A = (a;;) € Cpxn

is s-k-symmetric if a;;= ap_k(j)+1,n-k@)+1 fOr i, j =1,2,....n. Amatrix A€ cppn
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Is said to be Con-s-k-EP if it satisfies the condition 4, =0<=> A° £ (x) =0or
equivalently N(A) =N(ATVK). In addition to that A is con-s-k-EP <=> KVA is
con-EP or AVK is con-EP and A is con-s-k-EP<=> AT is con-s-k-EP, moreover
A is said to be Con-s-k-EP, if A is con-s-k-EP and of rank r. For further
properties of con-s-k-EP matrices one may refer [1].

In Theorem (2.11) [1], it isshown that A is con-s-k-EP,, if and only if A" is

con-s-k-EP;. Thus the con-s-k-EP; property of complex matrices is preserved for its

M oore-Penrose inverses. However, al other generalized inverses of a con-s-k-EP,

111
matrix need not be con-s-k-EP,. For instance, let A=[{1 1 1 |for k=(1,2)(3), the
111
010 0 01
associated permutation matrixbe K=|/1 0 Of[andV=[0 1 O | Hee, Ais
0 01 1 00

con-s-k-EP;. But A" =

o O -
o O O

0
O [isainverse of A which is not con-s-k-EP;.
0

A generalized inverse A” [AIL 2} is shown to be con-s-k-EP, whenever A
Is con-s-k-EP; under certain conditions in the following way.
Theorem 2.1

Let ALC],, X [AL2 and AX, XA are con-s-k-EP, matrices. Then A is
con-s-k-EP, = X iscon-s-k-EP..

Pr oof
Since AX and XA are con-s-k-EP,, by Theorem (2.11) [1], we have

R(AX)=R(KV(AX)") and R(KV(XA)')=R(XA). Since X A2 we have
AXA= A XAX = X.
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Now,

R(A) = R(AX)
= R(KV(AX)")
= R(KVXTA")
= R(KVX")

R(KVA") = R(KVA" X ™)
= R(KV(XA)")
= R(XA)
= R(X)

con-s-k-EP;

Now, A IS

« R(A)=R(KVA")

and p(A)=r

= R(KVX")=R(X) and po(A) =p(X)=r < X iscon-sk-EP,.

Remark 2.2

In the above Theorem, the conditions

111
Let A=|1 1 1
111

con-s-k-EP, are essential.

permutation matrix K=

o +— O
o O

0
Ol ad V=
1

100
=(1 0 O
100

1
X=A=|0

00
0 0|[AL2 AX
000

are not con-s-k-EP;. Also X isnot con-s-k-EP;.

that both AX and XA to be

for k=(1,2)(3), the associated

0 01
O 1 O A is consk-EP;.
1 00
111
' XA=[0 0 O AX and XA
00O

Now, we show that generalized inverses belonging to the sets A{1,2,3} and

A{1,2,4} of acon-s-k-EP, matrix A isalso con-s-k-EP;, under certain conditions in

the following Theorems.,
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Theorem 2.3

Let ACC] , X [A,2,3,R(X)=R(A"). Then A is con-s-k-EP, = X is
con-s-k-EP; .
Pr oof

Since X [A1,2,3, we have AXA= A XAX = X,(AX)" = AX. Therefore,
R(A) = R(AX) = R((AX)") = R(X")

Year 2013

[N
N
(]

R(X)=R(A") = XX'= AT (A")'
= XX"= AT(AN)
— XX =(ATA)
— XX"=A'A
— KVXX VK = KVATAVK
= (KVX)(KVX)" = (AVK)" AVK
— R(KVX) = R((AVK)")
— R(KVX) = R(KVA")

(F) Volume XIII Issue XI Version I

A is con-sk-EP, = R(A)=R(KVA') and p(A)=r < R(X")=R(KVX) and
P(A)=p(X)=r = X iscon-s-k-EP..

Theorem 2.4
Let ALC] ,X [A,2,4,R(A)=R(X"). Then A is con-sk-EP, = X is
con-s-k-EP..

Pr oof
Since X [CAIL24, we have AXA=AXAX=X,(XA)"=XA and
R(A) = R(X").
Now, R(KVA")=R(KVA"XT)
O = R(KV(XA)")
= R(KVXA)
= R(KVX)
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A is con-s-k-EP, = R(A)=R(KVA") and o(A)=r < R(X")=R(KVX)

and p(A)=p(X)=r - X iscon-sk-EP.

Remark 2.5
N otes In particular, if X=A" then R(A")=R(A") holds. Hence A

con-s-k-EP; isequivalent to A" is con-s-k-EP..
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