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Abstract- We build on the sides of a triangle ABC, outwards and inwards, similar triangles with one another. We prove
some relations referring to the generalized Fermat points. We deduce these results based on trigonometrical
identities.

[. [NTRODUCTION

If we build outwards on the sides BC, CA, AB of an arbitrary triangle ABC three
equilateral triangles BCX,, CAY,, ABZ, then

AX, =BY, =CZ, =+AF, + BF, +CF,, (1)

where F, =AX,NBY,NCZ, is the first (outward) Fermat point of triangle ABC (Figure

1). A minus sign being taken if the angle of triangle ABC at that vertex exceeds 120°.
If we build inwards on the sides BC, CA, AB of an arbitrary triangle ABC three

equilateral triangles BCX,, CAY,, ABZ, then
AX, =BY, =CZ, =£AF, + BF, £CF,, (2)

where F, = AX, "BY, "CZ, is the second (inward) Fermat point of triangle ABC (Figure
2). A minus sign being taken at each vertex where the angle of triangle ABC' is larger

than 60°.

In this paper we generalize these results: on the sides of triangle ABC we build,
outwards resp. inwards, three similar triangles.

We mention but in this article we don’t discuss the Fermat-Steiner problem:

Given a triangle ABC, how can we find a point P in its plane for which
PA-+PB+PC is minimal?

The solution and some generalization of this problem was a deal for many
mathematicians (see [2], [4], [5]). The historical survey of the Fermat-Steiner problem
could be found in [3].

Let be given a triangle ABC with the usual notations: A, B, C the angles, a, b, ¢

the sides, R the circumradius, A the area of the triangle ABC, S the twice of the area of
the triangle (S =2A).
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[I.  THE FIRST GENERALIZED FERMAT POINT OF THE TRIANGLE

We build on the sides of the triangle ABC outwards the similar triangles BCD,
CAFE and ABF in that way, that

BAF/=a=CAEZ, CBD/==ABF/, ACE£=y=BCD/ (Figure 3). Since
A+B+C=zr=a+ f+y, therefore BDCL=a, CEAZL= S, AFBZL=y.
We work with barycentric coordinates with reference to the triangle ABC.
According to the Conway’s formulas, the barycentric coordinates of the points D, £, F' Notes

are: D=(-a”:S,+S.:S,+S,), E=(S,+S.:-b*:S,+8,), F=(S,+S;:S,+8,:~¢*),
where S, =S-ctgd . Consequently S, =bccosA, S, =cacosB, S. =abcosC.
The equations of the lines AD, BE, CFare: —(S,+S;)y+(S, +S.)z=0,

(S, +S4)x—(S,+S:)z2=0,

—(S, +S,)x+(S;+S;)y=0.

Swmming random by two of the above equations, we get the third equation, the

lines AD, BE and CF meet each other in a point K = AD m"BENCF . This point A will be
called the first generalized Fermat point of the triangle.
The barycentric coordinates of the point A are:

K :((Sﬂ +SB)(87 +SC):(S7 +SC)(S‘1 +SA):(S“ +SA)(Sﬂ +SB))

N
S,+Sa S;+S; S, +S¢ )

We introduce the following notations:
A=A(AB.C.a, f.y)=
=sin Asin Bsin C (ctgAsin® o +ctgBsin® B+ ctgCsin® y + 2sin arsin fsin y )

=4—;2(SAsin2a+SBsin2ﬂ+Sc sin® y +2Ssinasin Bsiny ).

2y =A(ct, By, AB,C) =
=sinasin Bsin y(ctgassin® A+ctg Bsin’ B +ctgy sin® C +2sin Asin BsinC)
_sinasin Bsiny
4R?
_sinasin gsiny
4R?*S

(a’ctga +b’ctg B +c’ctgy + 25)

(a’s, +b’S, +c’s, +257).

We will proove that 4, =4:

sinasin Bsin y(ctga sin® A+ ctgBsin® B+ ctgy sin” C + 2sin Asin BsinC )

=sin Asin Bsin C (ctgAsin® o +ctgBsin® B+ ctgCsin® y + 2sin arsin Ssiny ) <
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& cosasin Fsinysin? A+sina cos Fsin ysin® B +sinasin fcos ysin®C =
= cos Asin Bsin Csin? o +sin Acos Bsin C sin® 4 +sin Asin BcosCsin® y <
< c0sa (Cosa +¢os B¢os y)sin® A+cos B(cos B +cosa cosy)sin’ B+
+c0s y (cos y +cosa cos B)sin’ C =cos A(cos A+cosBcosC)sin® a +

+cos B(cos B +cos AcosC)sin’ S +cosC (cosC +cos Acos B)sin® y <

& sin® Acos® a +sin® Bcos® S +sin’ C cos® 7/+c05acosﬁc03y(sin2 A+sin® B +sin’ C) =

=sin® a cos® A+sin® B cos” B +sin’ y cos® C +cos Acos BcosC(sin2 a+sin® B +sin’ 7/) &

& cos’ ar +c0s’ B+cos’ y —(cos” A+cos’ B+cos’ C )+

+2€0S ¢ cos #cos y (1+cos Acos BcosC)—2cos Acos BcosC (1+cosa cos fcosy ) =0 <

<1-2cosacos fcosy—1+2cos AcosBcosC +2cosacos fcosy —2cos AcosBcosC =0,
and this is true.

a) The length of the segments AD, BE and CF

and P'=(X,y’,z") is given by |PP'

In

In

absolute barycentric coordinates the distance between two points P =(X,Y,2)

:\/(x—x')z Sa+(y—y) Sg+(z2-2)'S. .
order to calculate the lenght of the segments AD, BE and CF we introduce the

following notations:

t,=S,+S, =Sctgf+Sctgy =S C9Sﬂ+0957 __ S_ Sin(f+7) = _Ssm_a ,
7 sing siny ) sinpgsiny sin Asin

t,=5 +5,=>MF g 5 - SSN7_

sinysina sinasin g

The sum of the coordinates of the point D, E'resp. Flis t,, t, resp.t . The length

of the segment AD is:

1
sina

AD =ti\/(a2 1, ) S, +(S, +5. ) Su+(S,+5a) Se

a

=ti\/(a2 +2t,) (278, + Sc ) + S, + 5,87 + 5.

o

=tl\/(a2 +21,)S2 4S80+ 5,57 +5S;

o

HJ 2 2
_1 (a2+2t,)52 45,87 — & 15,5298 7 5 g2008
t sin® gsin” y sin®y sin® g

a

\/az sin? Bsin®y +2Ssinasin Bsiny +S, sin® a + S, sin* fcos’ y + S, cos® Bsin® y

1 . - - X - -
:_—\/SAS|n2a+SBsm2ﬂ+SC sin® ¥ + 2Ssinasin Bsiny
sina
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2RVZ  2R%, \/sinasinﬂsiny(azctga+b2ctgﬂ+czctgy+28)

sina sina sina
For this reason:
AD :\/W(azctga+b2ctgﬁ+c2ctgy+28), (3)
sina
sinysina /_, 2 2
— |22/ 4
BE \/ s 3 (a’ctga +bPctg f+cietgy +2S) (4) Notes
CF :\/w(azctga+bzctgﬂ+c2ctgy+28). (5)
siny

Based on the formulas (3), (4) and (5):

AD -sina = BE -sin 8 =CF -siny :\/sin asin gsin y(azctga+b2Ctg,B+CZCtg;/+ZS) . (6)

b) The distance of the first generalized Fermat point from the vertices of the reference
triangle
In what follows we calculate the lengts of the segments AKX, BK and CK. The sum
of coordinates of the point A is:

D =(S,+5;)(S,+Sc)+(S, +Sc ) (S, +S4)+(S, +54)(S,+S¢)
=Sge +Sca+Sas +S, +S,, +S,,+(S; +S¢)S, +(Sc +SA)Sﬂ+(SA+SB)Sy
=a’S, +b’S, +c’S +2S°.
Therefore
_ sinasin gsiny
4R?S

sinasin gsiny
4R*S

(Zs +b?S, +¢’S +2s)

The length of the segment AK is:

|<1>|\/ (S, +55)(S, +5¢ )] Sat(S, +5¢) (S, +5,)° So+(S, +54)° (S, +54 ) Se

:|Sa|;|SA|\/(SB+SC+Sﬂ+Sy)2 SA+(87+SC)ZSB+(S/3+SB)2 Sc
:|Sa|;SA|\/(a2+ta)2 SA+(87+SC)2 SB+(S/3+SB)2 Sc
IS, +S,| |s +S,| 2R-t,\2  sina :
o AD |  sina 2Rf| Sil= 2R 2 sin A|Sm(A+Ol)|
\/,|sm (A+a)= \/,|sm (A+a)|.
Therefore:
B bc . _ Ca .
K_ZRﬂ|5|n(A+a)|, (7) BK_ZR\/Z|Sm(B+ﬂ)|’ (8)
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CK =

[sin(C+7)|- (9)

2R f

c) Relations referring to the segments AK, BK and CK
Now we will demonstrate the following conditional identity:

besinasin(A+a)+ casin gsin(B + 8)+ absin ysin(C + y) = 4R? 4. (10)
Indeed
besinasin( A+ a)+casin gsin(B+ f)+absinysin(C+y) =
=4R*sin Bsin Csin & (sin Acos« +sin a cos A) +4R?sin C sin Asin S(sin Bcos 8 +sin fcosB) +
+4R?sin Asin Bsiny (sinC cos y +sin ycosC) =
= 4R*sin AsinBsinC [ctgAsin2 a +ctgBsin® B+ ctgCsin® y +(sin 2a +sin 28 +sin 27/)/2] =
= 4R?sin Asin Bsin C(ctgAsin2 a +ctgBsin® B +ctgCsin® y + 2sin azsin Fsin 7/): 4R?A.

Since A+a+B+ f+C+y=2x,from inequalities A+a>7r, B+p>r, C+y>x

only one can be true. If A+a<z, B+ f<xz, C+y<x, then the K is an inside point of
the triangle ABC and based on the (10) we have

ADsin o = BEsin 8 = CF siny = 2R+/A = AK sina + BK sin 8+ CKsiny . (11)

If for instance A+a >, then
ADsina =BEsin f=CFsiny = 2RJA =—AK sina + BK sin f+CKsiny . (12)

[1I.  THE SECOND GENERALIZED FERMAT POINT OF THE TRIANGLE

We build on the sides of the triangle ABC inwards the similar triangles BCL,
CAM and ABN in that way, that

BAN/Z=a=CAM 4, CBLZ = =ABNZ, ACM Z =y =BCLZ (Figure 4). Since

A+B+C=7r=a+ f+y, therefore BLCL=a, CMAZ =, ANBZL=7y.

According to the Conway’s formulas, the barycentric coordinates of the points Z,
M, N are:

65,815, 78), M-(5 558, 15855
The equations of the lines AL, BM, CN are: —( SB)y+(Sy )
Su)x=(8, =S¢ )z~

—(sa—sA)x+(sﬂ—sB)y=o.

Since adding whatever two equation, we get the third equation, the lines AL, BM

and CN meets each other in a point T=ALNBM NCN . This point 7" will be called the
second generalized Fermat point of the triangle.
The barycentric coordinates of the point 7 are:

T =((S,=5s)(S, =S¢ ) (S, =S¢ )(S. =Sa):(S. = 5.)(S; =S5 )

11
S.—Sa S,—-S; S-S )
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We introduce the following notations:

#=u(ABCa pBy)=

=sin Asin Bsin C (ctgAsin®  +ctgBsin® B +ctgCsin® y — 2sinasin Bsiny )
=4—é2(SAsin2 a+S,sin® f+S sin y —2Ssinasin Bsiny ).

to = (e, B,7,AB,C)=

=sinasin Bsin y(ctgasin® A+ctg Bsin’ B+ctgy sin® C — 2sin Asin BsinC)

Notes

2013

:Smasm'gsm7(azctga+b2ctgﬁ+c2ctgy—28)

z 4R’

sinasin gsiny _, ) ) )
[ 44 = (@S, s ves, 257,
§ In this case the equality g, = ¢ is valid too.

a) The length of the segments AL, BM and CN
The sum of the coordinates of the point L, Mresp. Nare t,, t; resp.t . The
length of the segment AL is:

X

AL:%\/(az—ta)2 Sy +(S, +5¢) e +(S, +5a) Sc

:%\/(az ~2t,)(8%S, + Sac )+ Sut? + 5552 +5,S7

:ti\/(aZ_ZIa)SZ+SAt§+SBSf+SCS§

a

a2 2 2
~ L (ar-2t,)57 45,57 L5579 g 52505 S
t sin® gsin® y sin“ g
1

sin® y
=— \/azsinzﬁsinzy—ZSsinasin,Bsiny+SAsin2a+SBsin2ﬂcoszy+SC cos’ Bsin®y
sina

a

Frontier Research (F) Volume XIII Issue

1
sing
C2RJE 2Ry, \/sinasin Bsiny(a’ctga +blctg f+c’ctgy — 2
sing sina sina

\/SAsin2a+SBsin2,B+SC sin®y —2Ssinasin Bsin y

For this reason:

Global Journal of Science

A|_:\/M(azctga+b2ctg,B+CZCt97/—23)> (13)
sina

] BM :\/W(azctga+bzctgﬂ+czctgy—28), (14)
Si

CN :\/w(azctga+bZCtgﬂ+CZCtgy—ZS). (15)
siny

© 2013 Global Journals Inc  (US)
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Based on the (13), (14) and (15) we obtain:

AL-sina =BM -sin f=CN -siny = \/sinasin Bsiny(a’ctga +b’ctg S +cctgy —2S) . (16)

b) The distance of the second generalized Fermat point from the vertices of the
reference triangle
The sum of coordinates of the point 7'is:

r=(sﬁ—sB)(sy —sc)+(sy —sc)(sa -S,)+(S, —sA)(sﬂ —sB)
=Sge +Sca+Sp +S5, +S,, +Saﬂ—(SB +SC)Sa —(Se¢ +SA)Sﬂ—(SA+SB)Sy
=-a’s, -b’S, —c’S, +258% =—(a’S, +b’S, +¢’S - 257).
Therefore:

_sinasin Bsiny
4R*S

_sinasin Bsiny
4R*S

(a’s, +b’S, +c’s, -28°) =

The length of the segment A7 is:

2

AT=|—1{|\/[r—(sﬁ—sg)(sy—sc)}2 s,\+(sy—sc)2(sw—s,\)2 Ss+(S,—S4) (S, -Ss) Sc

S,-S
58 .75 5w oo, oo, 5T

=%\/(—a2+ta)z S +(S,~5.) S +(S, -5, ) S
ZMAL.ta N ZR'_ta\/; _sina S, —S,| :;|sin(A—a)|
N T sina  2RJu 2R/ usin A
:%|sin(A—a)|:£—Cﬁ|sin(A—a)|:2;)—cﬁsin|A—a|.
Therefore:
AT = Zsf/;sin|A—a|, (17) BT = 2;3; sinB-4,  (18)
cT = 2;3;sin|C—y|. (19)

¢) Relations referring to the segments AT, BT and CT
Here is valid too the following conditional identity:

besinasin(A—a)+casin gsin(B — #)+absin ysin(C - y)=-4R%u.  (20)

Since A—a+B—-f+C—y=0, only two of the A >a, B >f, C >y inequalities

© 2013 Global Journals Inc. (US)
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can be true at the same time. For instance if A <a, B >, C >y, then based on the
formula (20)

ALsina = BM sin #=CNsiny = 2R\/u = ATsina—BTsin f—CTsiny.  (21)
Orif A<a,B<pg,C>y, then
ALsina = BM sin #=CNsiny =2R\[u = ATsina +BTsin f—CTsiny.  (22)

IV. SpeciALE CASE

In this section we use the following relations:

abc(ctgA + ctgB + ctgC) = R(a2 +b% + cz), (23)
sin Asin BsinC(ctgA+cth+cth+\/§): (24)
=1++/3sin Asin BsinC +cos Acos B cosC,
sin Asin Bsin C(ctgA+ctgB + ctgC —v3 | =

(ctgA+ctgB +ctgC —3) -

—1—+/3sin Asin BsinC +cos Acos B cosC.

The proof of (23):

abc(ctgA + ctgB + ctgC ) = abc[ CosA  cosB COSCJ - 2Rabc( COSA  COSB COSCJ

sinA sinB sinC a b c
R(2bccos A+ 2cacosB +2abcosC)=R(b? +¢? —a’ +¢? +a> —b? +a +b? —c? )=
=R(@?+b*+c?).

The proof of (24) and (25):

sin Asin Bsin C(ctgA+ ctgB + ctgC i\/é): sin Asin Bsin C(COSA 45 B + cosC + 3) =

sinA sinB sinC
:cosAsinBsinC+cosBsinCsinA+cosCsinAsinBi\/§sinAsinBsinC:
—1++/3sin Asin BsinC + cos Acos BcosC.

If a=p=y=xr/3, then K=F andT =F,, where F, resp. F, is the first resp. the

second Fermat’s point of the triangle ABC' ( X,; resp. X,, in [1] ). In this case

A= A(A, BC%%%) :%sin Asin BsinC(ctgA+ ctgB +ctgC +\/§) =

8 (0 3 R
=R (a +b%+c +2\/§S)—Z(1+\/§smAsm BsmC+cosAcosBcosC),
T o) 3. . .
"=u| AB,C,—,—,= |==sin Asin BsinC(ctgA+ctgB + ctgC —v/3 ) =
a ”( 3'3 3) 4 (ctoA+ctgB +ctgC - 3)

3
32R’

(a2 +b%+c? —2\/58):%(1—\/5sin Asin BsinC+cosAcosBcosC).

© 2013 Global Journals Inc  (US)
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Based on (6) we have

AX, = BY,

=CZ, =

ﬁ\/?_\/a2+b2+c2+2\/§s
V3 V2 ’

According to (7), (8) and (9)

AF =

2R\/_

S|n(A+ j‘ (27) BF, = 2R\/_

CF =

ol

2R\/_

If A<27/3, B<2z/3, C<2x/3, then

AX, = BY,=CZ, = 2R 3" — A, +BF, +CF..

NE]

If for instance A>27/3, then

AX,

Based on (16) we have

AR — Aa’+b’
AX, = BY, =CZ, :ﬁ‘/z _d

4R

=BY,=CZ, =—~+[A" =—AF, + BF, +CF,.

V3

+c2-243s

NG

According to (17), (18) and (19)

AF,

sin

2R\/7

(33) BF, = @ sin

NP

A——

CF, =————sin|C

2R\/7

If for instance A<z/3, B>7x/3, C>x/3, then

AX,

Orif A <z/3, B <z/3, C >7x/3, then

AX

., =BY,=CZ, :%\/;=AF2+BF2_CF2.

B~

= BY, =CZ, =%\/E= AF, - BF, —CF,.

© 2013 Global Journals Inc.
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Other arrangements of the triangles BCD, CAE and ABF are possible. To
investigate the valabilities of the above metric relations in this cases is a possible subject
for further researches.
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