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[. INTRODUCTION

In many occasions, we may be interested in algebraic structures defined
over local neighborhoods. For example, a theory of cohomology of a topological
space often concerns with sets of maps from a local neighborhood to some abelian
groups, which possesses a natural Z-module structure. Another example is line
bundles (either real or complex): since R or C are themselves rings, the set of
sections over a local neighborhood forms an R or C-module. To analyze this local
algebraic information, mathematians came up with the notion of sheaves, which
accommodate local and global data in a natural way. However, there are many
fashions of introducing sheaves; Tennison [7] and Bredon [1] have done it in two
very different styles in their separate books, though both of which bear the name
”Sheaf Theory”.

In this paper, we introduce some modifications on the set up in [3], putting
extra structure on the set of restriction maps to developing a genuine ” Multival-
ued” sheaf theory. One of the main results we will prove is the fact, just as in
the classical case, there is a canonical way of associating to any multi-presheaf
a "minimal” multi-sheaf. As this construction may be viewed as that of a right
adjoin to inclusion, it follows that the category of multi-sheaves is a reflective
subcategory of the category of multi-sheaves. This paper is organized as follows:

In section 2, we introduce the notion of multi-presheaf over a local monoid de-
fined in [8], and we give some examples. In section 3, we make use of stalks of
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multi-presheaves which are used as a main ingredient of construction and study
of multi-sheaves. In successive Section 5, we introduce and study the notion of
multi-sheaf, which is just a multi-presheaf satisfying some additional properties.

[I.  MULTI-PRESHEAVES

Throughout this section, we fix a topological space X with a topology 7
and N, the family of the open neighborhoods of the point x € X directed by
inclusion, i.e., U < V' if U D V. In order to introduce the notion of multi-presheaf
and multi-sheaf, we will need the notion of local monoid defined in [8]. This notion
will also be needed later, when we define and study stalks of multi-presheaves and
their use in the framework of sheafification.

Let us fix a set I such that, for any a < b in a direct index set A, there exists
a non-empty set I, C I. We call Z = |J{Iuw; Lsp € I} a local monoid (index by

A), if the following properties are satisfied:

1. There exists some e € I such that e € ﬂbZG Iy,
2. It is endowed with some associated composition
Loy X Ipe = Loe 2 (i,7) — i
with the property that for any a < b < ¢ in A and any i € [, resp.

J € Iy, we have ie = i resp. ej = 7. In particular, this implies I, C I,

resp.ly. C I, and [I,, is a monoid with unit e for every a € A.

3. Whenever a < b, cin A and i € I, resp. j € I, then there exists some
d € A with d > b,c and some k € I; resp. ¢ € I.; with the property that
1tk = jlin 1.

Note that once some d € A and corresponding elements k and ¢ with the
feature required in the last property has been found, This property clearly remains

valid for all d’ > d.

Definition 2.1. Consider a topological space X, with topology 7 directed by
inclusion. Consider a fixed set I, such that for any U O V in 7, a non-empty
set Iyy C I. The union J = J{Iyv; Iyv C I} is called a global monoid if the

following properties are satisfied:

G1: There exists some elements e € () ;o luv.

Gs: It is endowed with some associated composition

Iyy x Iyw — Iyw : (i,7) — ij,

© 2013 Global Journals Inc. (US)
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for any U D V O W open subsets of X, and any ¢ € Iy then ie = ei = 1.
Gs: Forany U DV, Win 7 and i € Iyyy resp. j € Iy, there exists W’ € 7 with
W' C V., W and some k € Iyy resp. { € Iyy with the property that ik = j¢ in

Tyw.
For each x € X, the family J, = [J{Iyv,z € V C U} is called local monoid.

Definition 2.2. A (J-indexed) multi-presheaf F' of sets (abelian groups) on the

space X consists the following data:
1. For each open subset U of X, there is given a set (abelian groups) F(U).

2. For each pair of open subsets U DO V of X, there is given a non-empty set
Fyy = {F}y,i € Iyv}, the so called restriction maps (homeomorphisms).
These data should satisfy the following conditions:
P1. For any open subset U of X, we have idp) = Ff;y, the identity map on
Fyy.
P2. For any open subsets W C V C U of X, and any F},, resp. F{}W for some

1 € Iyy resp. j € Iyw, the composition F\]/'WFEV belongs to Fyw .

P3. Whenever z € V C U, any s € F(U) and any i,j € Iyy, there exists
W e N, with W C V and indices k, ¢ € Iy such that ik = j¢ and

F\];WFlZfV(S) = F\t;WF(j}v(S)'
P4. For any open neighborhoods W C V C U of z € X and any i € Iy resp.
j € Iy, there exists some open set W’ € N, with W’ C W such that
F&W’FISV = F(lJ]W’
Note that once an open neighborhood W’ € N, as in (P4) has been found,

the same conclusion remains valid for any open neighborhood W” C W’ of .

Indeed, it is sufficient to note that F{}W,Ff]v = ;]JW, which implies that
F&W//Flijv - thV'W”F\]}W'FIiJV - F{/EV’W”FZ?W’ - FZ?W”‘

Let us also point out that, in the terminology of [7], any multi-presheaf may be
viewed as a contravariant multifunctor from the category of open subsets of X to

the category of sets.

Example 1. Let X be the closed interval [0,1] C R, endowed with a relative
topology 7 on X with respect to usual topology on R. Assume that 7 is directed
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by inclusion, i.e., U < V if U O V. We will construct a multi-presheaf F' on X,
indexed by a constant global monoid J = N, i.e., Iyyy = N for all U O V with

the composition

N XN — N :(i,j) = max(i, j).

For any strictly positive integer m € N, let f,, : X — R be defined by R ef.
1
fm(z) = (1 — —)x,Vm e X.
m

If U is an open subset of X, denote fY the restriction f,,|y of f, on U, i.e.,

U >Rz <1—l>x. Let F(U) = {fY,m € N} and whenever V C U

m

open subsets of X, we put Fyy = {F};,i € N} where F};, : F(U) — F(V) is

5
given by 2.
3
=
. . m . =}
, V| ifmis even and — <4, @
I Uy __ 2
FUV(fm) - E
v otherwise. >

It is clear that FJ), is the identity on F(U) for any open subset U of X and
straightforward verification shows that for any W C V C U open subsets of X,
and i,j € N, we have FJ, Fi, = F4, where £* = max(i,5). From this one
easily deduces that F'is a multi-presheaf, Indeed.

Example 2. Let X be the unite circle C! endowed with a relative topology

on X, with respect to usual topology on R?. Let 7 be directed by inclusion, i.e.,
U<V ifUDV. Let H be the helix in R? parameterized by

R — H :t+ (t,sin(t), cos(t)),
both endowed with their standard topology, let

p:H — X : (tsin(t),cos(t)) — (sin(t), cos(t)),

be the canonical projection. We construct a multi-presheaf F# of abelian groups
on X, indexed by a constant global monoid J = 7, i.e., Iyy = Z forall U DV,

with composition

II0X MoON ‘UOpUOT] ‘ssold "Alu() aSpuquue) filoay ] [voyg ‘uostuuo], Y g [L]

IXZ—7Z:(i,j) —i+7.
For any open subset U on X, denote F¥(U) for {Continous functions s : U —
H,pos= idU}, and whenever V' C U, consider Fyy = {F};, ,i € Z} where the

© 2013 Global Journals Inc. (US)
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Example 2. Let X be the unite circle C' endowed with a relative topology 7

on X, with respect to usual topology on R?. Let 7 be directed by inclusion, i.e.,

U<V ifUDV. Let H be the helix in R? parameterized by
R — H :t+ (t,sin(t), cos(t)),
both endowed with their standard topology, let
p:H — X : (t,sin(t), cos(t)) — (sin(t), cos(t)),

be the canonical projection. We construct a multi-presheaf F' of abelian groups
on X, indexed by a constant global monoid J = 7, ie., Iyy = Z forall U DV,
with composition

ZIXZ—Z:(i,j)—i+].

For any open subset U on X, denote F¥(U) for {Continous functions s : U —
H pos= idU}, and whenever V' C U, consider Fyy = {F}, ,i € Z} where the
homomorphism F}, : FH(U) — FH(V) is given by F(s) = s|v + (0,0, 2mi). Tt
is clear that F}); is identity on FH(U) for any U on X. Whenever W CV C U
and any i,j € Z we have FéWFf,V = FZP;{,, it easy to verify that F¥ is actually

a multi-presheaf, indexed by constant global monoid J = Z.

[1I.  STALKS OF MULTI-PRESHEAVES

Just as ordinary presheaves give rise to stalks, which are used as a main
ingredient of construction and study of sheaves. In this section we show how the
multi-presheaves we introduce above allow for the construction of stalks. The
actual construction of this stalks is of course the idea of inductive limit of multi-
spectra,[8], and its properties and thus depends heavily upon these results.
Construction 1. Let F' be a multi-presheaf on X and z € X. Consider the set

F(U) of all multi-sections of F' on U, where U is running over all open subsets of

X such that U € N,. Then, as mentioned before, the system {F(U), Fyv, N, }
is a multi-spectrum over a local monoid J, = |J{lyv,z € V C U}. Let P =

[yen, F'(U) the disjoint union of sets F'(U). We define a relation ” ~ ” on P

~—

as follows. Let s € F(U) and t € F(V), be two multi-section of F' on U, V

© 2013 Global Journals Inc

us)

(F) Volume XIII Issue I Version I

Frontier Research

Global Journal of Science



Global Journal of Science Frontier Research (F) Volume XIII Issue I Version I E Year 2013

respectively, then s ~ ¢ if there exists W € A, W CUNV and i € Iyw N Iyw
such that F}y,(s) = Fiy,(t). This is actually an equivalence relation.
Definition 3.1. The multi-stalk (abbreviated: M*-stalk), F, at € X is the
quotient of P = [];c\. F'(U) under the equivalence relation ” ~ 7. For any
s € F(U), let s, denote the equivalence class contain s € F(U) in F,, which
is called multi-germ (abbreviated: AM*-germ) of multi-section s at z, we thus
obtain the map Ff, : F(U) = F, : s = s,. For any U € N, we put Iy =
U{lvv,U < V,V € N,}, then any i € I;; where ¢ € Iy yields an obvious map
Ff, o F(U) — F, defined

or equivalently, F;,(s) = [F{y(s)] where U D V' 5z is chosen such that i € Iyy.
It easy to say that the M*-stalk F} of F' at x is none other than the inductive
limit of multi-spectrum {F(U), Fyv, N, }. We write

F, =lim F(U).

Te
This comes equipped with maps F(U) — F, : s — s,, whenever an open U 5 x.
[V. MORPHISMS OF MULTI-PRESHEAVES

In this section, we give the definition of morphisms between multi-presheaves
and we discuss the composition of such morphisms of multi-presheaves and their
stalks.
Definition 4.1. Let F, G be a multi-presheaves of sets (abelian groups) over
X. A morphism of multi-presheaves f : F' — G is the family {f(U)} of maps
(homomorphisms) f(U) : F(U) — G(U), one for each U € 7 such that whenever

U 2DV and i € Iyy, the following diagram

Py 2% P

© 2013 Global Journals Inc. (US)
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is commutative. The composition of such morphisms of multi-presheaves is
defined in the same way: If f : F' — G and g : G — H are two morphisms of
multi-presheaves, then the composition gf : F — H is defined by (¢f)(U) =
g(U) o f(U), for each open subset Uof X. The identity morphism idp : FF — F
of multi-sheaf is defined by idp(U) = idp(,) for any open subset Uof X.

Example 3. Let X = N endowed with the topology 7, consisting of open
sets of the form Uy, = ¢ and U, = {n,n + 1,...}, where n € N. Assume that
To is directed by inclusion, i.e., U, < U, if U, D U, for any n < m. Let
J = N be the constant global monoid, i.e., Iy, y, = N for all U, 2 U,, with
the mapping N x N — N : (i,7) — ij. If U, is an open subset of X, consider
G(Us) = {1} and G(U,) = {2"*,z € Z}, whenever U,, D U,, open subsets of X.
Let Gpm = {G',,,i € N} where the homomorphisms G, : G(U,) — G(U,,) are
defined by G?, (2"%) = 202" _ In case of m = oo, let G (2"%) = 1 (constant
homomorphism) for all i € N. It is clear that G} _ is the identity on G(U,) for

any open subset U, of X. Moreover, if n < m < p, then

Gy G (27%) = G, (207

mp~ nm
— oli)zp _ G:fp(an)

ie., GJ,Gi,, = G Tt easy to see that the conditions (P3) and (P3) of Defini-

tion 2.2 are verified. Thus the system G = {G(U,.), Gym, 70} is a multi-presheaf

of abelian groups.

Definition 4.2. Let F, G be multi-presheaves of sets (abelian groups) indexed
by a local monoid J, = |J{Iyv,z € V C U}. A morphism f : F — G of multi-
presheaves of sets (abelian groups) on a space X, induces for each point z € X,
a map (homomorphism) of M*-stalks f, : F, — G, such that for any s € F(U),
i € Iyy, we have f,(s) = f(U)(s)!, where for simplicity s’, f(U)(s). means
Ffr g (f(U)(s)); respectively.

It is not difficult to show that f well is defined. For, let s = t', where
s € F(U)and t € F(V), then there exists W € N,, W CUNV and i € IywNIyw
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such that Ffy(s) = Fiy(t), then f(W)Fiy(s) = f(W)Fiy(t). Since f is a

morphism of multi-presheaves then the following diagrams

Py v pow) FOv) 2% o
o)) | rovy )] | rovy
) o, qow) vy S, G

commute. Therefore,

ow (F(U)(s)) = FW) Fgy(s) = f(W) Firp(t) = G (F(V)(1))
then f(U)(s): = f(V)(t):. Which proves that f, is well defined.
Theorem 4.1. Let F,G,H be multi-presheaves of sets (abelian groups) on a
space X, then for any x € X

1. f: F - G and g : G — H are morphisms of multi-presheaves, then
2. (idp), = idp,.

Proof. Consider M*-germ (s): of multi-section s € F(U) for some U € N, and

some 1 € Iy, then

L. (92f2)(8)% = ga(fo(sh)) = gu (F(U)(5)})
= g(U)f(U)(s)s = (g/)U)(s)s = (9f) (5)

2. (idr) (5);, = idew)(U)(s), = s}, = idp,(s);,

V.  MULTI-SHEAVES

In this section we introduce and study the notion of multi-sheaf, which is
just that a multi-presheaf satisfying some additional properties guaranteeing a
nice, well-behaving local-global structure. The axioms for multi-sheaves, just as

from the ordinary sheaf case, [7].

© 2013 Global Journals Inc. (US)
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Definition 5.1. Suppose J, = |J{Ivv, [yv C I} is a fixed global monoid indexed
by the open subsets of the topological space X. An (J-indexed) multi-presheaf

F of sets on X is called multi-sheaf if it satisfies the following conditions:

S1. For any open subset U C X, any U = |J,.4 Ua open covering of U and any
two multi-sections s,t € F(U). If for any a € A there exists some i € Iy,

such that Fy,;, (s) = Ffyy, (1), then s =¢.

S2. For any open subset U C X, any U = |J,. 4 Ua open covering of U and any
family (Sq)aca of multi-sections s, € F(U,). If for any (a,f) € A x A,

there exists some i € Iy, v.nvs N lusu.nu, such that

FIiJaUamUB(Sa) = Ff];;U@U;;(%) )

then there exists some s € F'(U) and some j € Iy, such that FLj,Ua(s) = Sa,

for all o € A.

S3. For any open subset U C X, any U = J,4 Ua open covering of U and
any two multi-sections s,t € F(U). If for any a € A there exists some
i,j € Iyy, with the property that [y (s) = Fg,Ua (t), then there exists
k,l € Iyy such that Ff(s) = Ffp(t), then we call F' a strong multi-sheaf.

Note that the condition (S3) asserts that the result of the glueing procedure
inferred in (S2) is essentially unique. Also we can define in the obvious way the
notion of abelian multi-sheaf ( multi-sheaf of abelian groups). In this case the
condition (S1) can be simplified by putting ¢ = 0.

Definition 5.2. (1) The global monoid 3 = (J{Iyv, lyv C I} is called divisible
if for any V' C U open subsets of X and any pair of indices i, j € Iy, there
exists some k € Iyy with ¢ = kj or j = ku.

(2) The global monoid J is called commutative if for any pair of open subsets
V C U and any i € Iyy resp. k € Iyy, there exists some k' € Iy such
that ik = ki € Iyy.

(3) The global monoid J is called torsion free if for any pair of open subsets
V C U and any i € Iyy resp. any k', k" € Iyy such that k”i = k'i then
kK =k
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Note that the constant global monoid J, where J is additive monoid Ny or

any commutative group, then J satisfies the pervious properties.

Theorem 5.1. Assume that the global monoid J satisfies the following proper-
ties:

1. 7T is divisible

2. J is commutative and torsion free.

Then any (J-indexed) multi-sheaf F" on X is a strong multi-sheaf.

Proof. Assume that U = |J, 4 Us is open covering of U C X. Choose x € U
and some a € A with x € U,, and suppose that for some 4,5 € Iyy,, and some
s,t € F(U), we have F{,;, (s) = FgUQ (t) for all a € A. Let us first suppose that

J is divisible. Pick k € Iy such that, for example, ¢ = kj. Up to shrinking the

open neighborhood U, of x, we may assume that
Fiy, (1) = Flu, (s) = Fy, Fiu(s) -

Since U, covers U, it follows from (S1) that ¢t € F{%;(s), which proves our claim.
Next, let us assume that condition (2) holds. Choose some open neighborhood
Ul C U, of x with the property that there exists some k,¢ € Iy, g, with ik =
gl € Iyy;,. shrink U}, such that F['jaU&Ff]Ua = ["JkU& resp. F[‘}QU(,IF{}UQ = F{f;]&
Since J is commutative, there exist k', ¢’ € Iy such that ik = k'i resp. il = ('i,
within Iy, ¢, note that 4, j € Iy, . Since J is assumed to be torsion free, k" and
¢ are actually independent of the particular choice of x and U,. Again shrinking
the open neighborhood U/, of x, we may assume that F(ZUAF[?'U = F(%& resp.

Fg}U&Ff}'U = Fg}%&. We now obtain:
i ’ i i ¢
Uul, FgU(t) = Fl];Ug (t) = FUkU(’l (t) = FZJ]U& (t>
= F(l}aUgFIJJUQ (t) = F(l}aU{lFli]Ua(S)
= (Z}EU(;(S) = F(%&(S> = F&U&FgU(S>'

Since U is a covering of U, applying (S1) now clearly yields that Ff(t) =

’ . .
Ff;(s), which proves our claim.
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Example 4. Consider a multi-presheaf F'¥ of abelian groups on the space C1,

given in Example 2. Assume that (Ua)a is an open covering of an open set

€A
Ue Clet for all a € A, s,t € FH(U), we have F{;y, (s) = Fy (t) for some
i € Iyy,, then s|y, + (0,0,27i) = t|y, + (0,0,277) thus s|y, = t|y, which means
that s(z) = t(x) for all z € U,. Since (U,)

w4 18 an open covering of U, then
s(z) = t(x) for all x € U, this implies that s = ¢. In order to verify the condition
(S2), for any family of multi-sections (Sq)aca with s, € F(U,) and some i €

]UaUaﬁUﬁ N .[UBUQ(']UB7 we have for any (Oé,ﬁ) € .A X A
FévaUar‘lUg (Sa) = FEBUQHUB(SIB> ’

then we have so |y, nv, +(0,0,27i) = sg|v.nu, + (0,0, 2mi) which yields to sq(z) =
sg(x) for all & € Uy, NUg, since U = |J,c 4 Ua we define s € F(U) by s(x) = sq(2)
for all x € U, then we have s|y, () = so(z) which yields to s|y, + (0,0, 27i) = s,,

then FéUa(s) = Sq, for some j € Iyy, .

Theorem 5.2. If X is a topological space and F' is a multi-sheaf on X. Then for
any pair of multi-section s,t € F(U), we have s = ¢t if and only if for all x € U,

there is U, € N, and i € Iy, such that s’ = t:.

Proof. Let s = t this implies that for any W, € N, with W, C U and for some
i € Iyw,, we have Fjyy, (s) = Ffy, (), which means that s, =t} for all z € U.

Conversely, if s,t € F(U) such that for all z € U, there is U, € N, and i €
Iy, such that st = ¢.. Tt follows that we may find some open neighborhood
Vy C U, of x such that i € Iyy, with F},y, (s) ~ F}y, (t), and up to making V;
even smaller and changing ¢ if necessary, we may assume that we actually have
Firy (s) = Fiyy, (t). Since (V;)zev is obviously an open cover for U, if we make x

vary through U, it follows from the multi-sheaf axioms that s = ¢.

Theorem 5.3. A morphism f : F — G of multi-sheaves on a topological space
X satisfies the condition f, : F, — G, is injective for all x € X if and only if the
map f(U): F(U) — G(U) is injective for all open subset U of X.

Proof. Assume that f(U) : F(U) — G(U) is injective, and suppose that t € F,
is such that f,(¢) = 0, then there exists an open set U, and s € F(U) such that s
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has germ ¢ at x, for some i € Iy, so that f(U)(s) has germ 0 at x. Then there
exists V C U, V € N, and some i € Iyy such that Gy, (f(U)(s)) =0, but f is

a morphism of multi-sheaf, therefore

v (f(U)() =0=f(V)(Fiy(s)) .

But f(V) is injective by hypothesis, so F{y-(s) = 0 and thus ¢ = 0.

Conversely, assume that f, : F, — G, is injective and suppose s € F(U) is such

that f(U)(s) = 0 € G(U), therefore G}, ,(f(U)(s)) = 0, for some i € Iyy, then
fo (Féx(s)) = 0, since f, is injective by hypothesis. Then there exists U, € N,
with U, € U and some i € Iy, such that F{,;, (s) = 0. Since (U,)gev is an
open covering for U, by a multi-sheaf condition (S2), s =0 on U. Thus f(U) is
injective.

Definition 5.3. Let X be a topological space. A sheaf space over X is a pair
E = (E,p), where E is a topological space and the projection p is a continu-
ous onto map £ — X which has an additional structure, that is, p is a local
homeomorphism, i.e., any e € E has a neighborhood A such that p|y maps N
homeomorphically onto a neighborhood of p(e).

Definition 5.4. Let E = (E,p) and E' = (E',p') are two sheaf spaces, then a
morphism f : E — E! is by definition a map f : E — E', which is continuous

and makes the following diagram commutative:

E-—"oX

! l /p

El
Construction 2. Consider a sheaf space E = (E,p). We can construct a multi-
sheaf of sets TE = E (the multi-sheaf of sections of E) in such a way that a
morphism f : E — E' of sheaf spaces gives rise to a morphism f . E — E' of
multi-sheaves. Now, let Z = [ J{Iyy,U 2 V'} be a local monoid indexed by open
subsets of X. We say that Z acts on the sheaf space E, if there is given for any
pair of open subsets V' C U in X a map

i

E|U XIU‘/—>E|V : (m,z)»—)m ,
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where E|y = p~'(U), with the property that for any open subsets W C V C U

of X, the induced diagram

E’U X [UV X [VW —_— E’V X IVW

l l

E‘UX[UW —_— E‘W

Commutes, where the left vertical map is induced by the composition Iy X
Iyvw — Iyw. This means that for any m € E|y and any i € Iy resp. j € Iyw,
we have m” = (m')/. If Z acts on a sheaf space E, then it easy to verify that
we may associate to it a multi-sheaf £ on X, by letting E(U) = T'(U, E) =
{continuous maps s : U — E,po s = idy}, for any open subset U C X and
putting Eyy = {E(i]v,i € Iyy}, for any U O V and i € Iyy, where E}]V :
E(U) — E(V) is defined by s — i(s|y), where i(s)(y) = s(y)". One can easily
show that {E(U), Eyy, 7} is a multi-sheaf of sets.

Construction 3. For each multi-presheaf F' of sets on X over a local monoid
Z = U{{Iyv,U 2 V}, we can construct a sheaf space LF' in such a way that a
morphism f : F' — G of multi-presheaves gives rise to a morphism Lf : LF' — LG
of sheaf spaces. Consider LF' = [] .y F: (the disjoint union of the stalks F})
with p : LF — X the natural projection. We topologize LF as follows: Let U be
an open set in X, and s € F(U). Define a map

51U — LF : 1+ 5458, € I ,(s).
Moreover, for any ¢ € Iyy there is a map
§:V = LF:x— Fy(s) = F (Fiy(s)).
From this, it also follows that we have a commutative diagram
s€ F(U) —— T(U,LF) > Fg,(s)
Fiv | [ e
Fiy(s) € F(V) —— T(V.LF) 5 F{; ,(s)
Therefor, we obtain a multi-sheaf I'LF" of sets called the associated multi-sheaf

(for simplicity we call 'LF = aF").
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Theorem 5.4. F'is a multi-sheaf if and only if F' — aF' is an isomorphism of

multi-sheaves.

Proof. First, we shall prove that if F* — aF'is an isomorphism of multi-presheaves
and aF' is a multi-sheaf, then F' is a multi-sheaf. Let U be an open set of X and
{Us}zex be an open cover of U, ie., U = |J,cy Uy, let s and t be two sections
in F(U) and suppose that Fj;; (s) = F{;, . Since F — aF' is a morphism of

multi-presheaves, then the following diagram

FUy 29 ap)
FIIJUml l @FéUz
FU,) S ar(u,)

is commutative. Then aFy, (np(U)(z)) = aFjy, (np(U)(t)) for some i € Iyy,,
but aF' is a multi-sheaf, therefore, from the condition (S1) of Definition 5.1, we
have

np(U)(s) = np(U)(®),
since np is an isomorphism, that is ng(U) is bijective, it follows that s = ¢. For
the glueing condition (S2), let U be an open set of X and let U = (J .y U, be an

open covering of U. Consider (s%),cx the family of sections of F' with Vo € X,

s* € F(U,) such that
Fli]xeﬁUy(SgE) = FZZ}yanUy(Sy)
for some ¢ € Iy,v,nv, N Iv,v,nu,- Therefore
np(Us VU F 0, (87) = ne(Us VU Y pa0, (5Y),
since ng is morphism of multi-presheaves, therefore
aFyy, (np(U)(s%)) = aFy, (np(U)(s))

but aF is a multi-sheaf, thus there exists s € aF'(U) such that Vo € U, and for

some ¢ € Iyy,
aF}y, (3) = np(Us)(s")

Fiyo(s) = 1, .(57)
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Fp, o(Fiy, (5)) = Fp, 1(s7)

In other words, for all € U there exists s € F(U) such that F}; ,(s) = s* which
prove that F' satisfies the glueing condition (S2) of Definition 5.1. Now we want
to prove that if F' a multi-sheaf then F(U) — aF(U) is bijective.

(i) the map is injective for

S=te Ve U K, (s) = F{,,(t) for some i € Iyy,
Ve € U B, (Fu, (5)) = F, o(F, (1)
< U has open cover U, such that

Fly. (8) = Flyp. (t), for some restriction maps Ff;.

& s =1 (since F' is multi-sheaf).

(ii) Let t € aF(U) and z € U, C U, if s* € F(U,) neighborhood s*(U,) C t(U)
for some open U, C U this mean that s* € F(U,) satisfies the glueing
condition of Definition 5.1, for, let s¥ € F(U,), take V. = U, N U,. Let

i € Iy,v NIy,y and s* : V — LF. Therefore

Fy . (s%) = Fij, o(s") Fp, , (5%)-

Thus Ff; ,(s")Fy, ,(sY), then Iy, (s7)Fy, (s?) for some i € Iy,v N Iy,v,
but F' is multi-sheaf then there exists s € F(U) such that for all z € U,
Fiyy,(s) = s*. Therefore, there is s € F(U) such that t € Ff__(s*) which

proves that the map is injective.
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