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Abstract -

 

The aim of the present paper is an attempt to introduce a new sequence of functions 

( ) ( ){ }M,N;P,Q,R;
nV x;a, k,s / n 0,1,2,...α = in equation (1.15), which involving with the generalized contour integral 

[ ]M,N
P,Q;RI x .

 

By using operational technique, some interesting generating relations and finite summation formulae are 

obtained in sections 2 and 3.

 

These generating relations and finite summation formulae are unified in nature and act as 
key formulae from which, we can obtain as their special cases. For the sake of illustration we record here some special 
cases of our main formulas in section 4, which are also new and known.
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 I.

 

Introduction

 
Operational techniques have drawn the attention of several researchers in the 

study of sequences of functions and polynomials.

 

In 1956, Chak

 

[1] defined a class of polynomials as,

 ( ) ( ) ( ),

nkn n x k x
n kG x x e x D x eα α α− − + − =                  

  

(1.1)

 
Where k

 

is constant and 0,1,2,..., .dn D
dx

= ≡

  
Gould and Hopper [5] introduced generalized Hermite polynomials in 1962 as,

 ( ) ( ) ( ) ( ), , 1 exp expnr a r n a r
nH x a p x px D x px−  = − − 

    

(1.2)

 Chatterjea [4] studied as a class of polynomials for generalized Laguerre 

polynomials in 1964, 

 
( ) ( ) ( )( ) ( )1 2 11, exp exp

!
nn r r

rnT x p x px x D x px
n

α α α− − − + = − 

   

(1.3)

 In 1968, Singh [16] studied the generalized Truesdell polynomials defined as,

 

 

( ) ( ) ( )( ) ( ), , exp expnr r
nT x r p x px xD x pxα α α−  = − 

   

(1.4)
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Srivastava and Singh [19] introduced a general class of polynomials in 1971 as, 

( ) ( ) ( )( ) ( )11, , , exp exp
!

nkn r k r
nG x r p k x px x D x px

n
α α α− − +  = − 

  (1.5) 

In 1971, the Rodrigues formula for generalized Lagurre polynomials is given by 
Mittal [8] as, 

( ) ( ) ( )( ) ( )( )1 exp exp
!

n n
kn k kT x x p x D x p x

n
α α α− + = −     

         (1.6) 

Where ( )kp x  is a polynomial in x  of degree k . 

Mittal [9] also proved following relation for (1.6) as, 

 ( ) ( ) ( )( ) ( )( )1 1 exp exp
!

s n n
kn k s kT x x p x T x p x

n
α α α+ − − −  = − 

   (1.7) 

Where s  is constant and ( )sT x s xD≡ + . 

Recently, Shukla and Prajapati [15] obtained several properties of (1.7). 

Chandel [2] also studied a class of polynomials defined in 1973 as,
 

( ) ( )( ) ( ), , , exp exp
nk r k r

nT x r p x px x D x pxα α α−  = − 
   (1.8) 

In 1974, Chandel [3] established a generalization of polynomial system as, 

( )( ) ( ) ( ) ( ), ,
nhg x hg xk

nG h g x k e x D e− − =  
    (1.9) 

Where ( )g x  is a function of ,x  h  and k  are constants. 

In the same year, Srivastava [14] discussed some operational formulas generalized 
function 

( ) ( ), , , ,r m
nF x a k p

 
in the form,

 

( ) ( ) ( )( ) ( ), , , , exp exp
nr m a r k a km r

nF x a k p x px x D x px− + = − 
   (1.10) 

In 1975, Joshi and Parjapat [6] introduced the a class of polynomial, 

( ) ( ) ( )( ) ( ) ( )( ), , exp exp
!

nk nk
n

xM x a k p x x a xD x p x
n

α
α α

ν ν ν

− −

  = + −   
      (1.11) 

Subsequently in 1975, Patil and Thakare [11] have obtained several formulae and 

generating relation for 

( ) ( ) ( ) ( ) ( ), , , , , exp exp
nr k sn r

nP x r s a k x px x xD x pxα α αλ λ− +  = + −   
      (1.12) 
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In 1979, Srivastava and Singh [17] studied a sequence of functions ( ) ( ); , ,nV x a k sα  

defined as  

( ) ( ) ( ){ } ( ){ }; , , exp exp
!

n
n k k

xV x a k s p x x p x
n

α
α αθ

−

 = −    (1.13) 

By employing the operator ( )ax s xDθ ≡ + , where s  is constant and ( )kp x is a 

polynomial in x  of degree k . 

J.C. Parjapati and N.K. Ahudia [12] introduced the sequence of function defined as, 

( ) ( ) ( )( )( ) ( )( ), , ,1; , , , ; , ;
!

na s
n k x kV x a k s x W p x T x W p x

n
α β δ β βα δ α δ−  = −             (1.14) 

A new sequence of function ( ) ( ){ }, ; , ; ; , , / 0,1, 2,...M N P Q
nV x a k s nα =  is introduced in this 

paper as, 

( ) ( ) ( ) ( ) ( ), ; , , ; , , ,
, ; , ;

1; , ,
!

α α α−  = −       
nM N P Q R M N a s M N

n P Q R k x P Q R kV x a k s x I p x T x I p x
n

      (1.15) 

Where ( ), ,a s a
x

dT x s xD D
dx

≡ + ≡ , a  and s  are constants, 0β ≥ , k  is finite and 

non-negative integer, ( )kp x  is a polynomial in x  of degree k and [ ]M,N
P,Q;RI x is I-function, 

defined and represented in the following manner [13]: 

 
( ) ( )
( ) ( )

( ),
, ;

, , , 11, 1,
2, , ,

1, 1,

α α
ξφ ξ ξ

πβ β

 
 + = ∫ 
 + 

M N
P Q R

a aj j ji jiN N Piz z d
ib bj j ji ji LM M Qi

I

                               
(1.16)

 

 

   

 

( )
( ) ( )

( ) ( )

1
1 1

1
1 1 1

β ξ α ξ

φ ξ

β ξ α ξ

Γ − Γ − +∏ ∏
= =

=
 
 Γ − + Γ −∑ ∏ ∏
 = = + = + 

M N
b aj j j j

j j
Q PR i i

b aji ji ji ji
i j M j N             

 
      

 

(1.17)

 

and , , ,i iM N P Q
 
are integers satisfy ( )0 ,1 1,...,≤ ≤ ≤ ≤ =i iN P M Q i R , R  is finite, 

, , ,α β α βj j ji ji
 
are positive numbers and , , ,j j ji jia b a b

 
are complex numbers. I-function 

which is a generalized form of the well known Fox’s H-function [18]. In the sequel the I-

function will be studied under the following conditions of existence:
 

(I) 0, arg
2
π

> < i
i

AA z      (1.18) 
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(II) 0, arg
2
π

≥ ≤ i
i

AA z   and Re( 1) 0+ <B    (1.19) 

Where
1 1 1 1

, (1, 2,..., )α α β β
= = + = = +

= − + − ∀ =∑ ∑ ∑ ∑
i iP QN M

i j ji j ji
j j N j j M

A i R                   (1.20) 

And ( ) ( )
1 1 1 1

1 , 1, 2,...,
2= = + = = +

= + − − + − ∀ =∑ ∑ ∑ ∑
i iQ PM N

j ji j ji i i
j j M j j N

B b b a a P Q i R                  (1.21)    

Some generating relations and finite summation formulae of class of polynomials or 

sequence of function have been obtained by using the properties of the differential 

operators.  ( ) ( ), ,1, 1a s a a a
x xT x s xD T x xD≡ + ≡ + , where 

dD
dx

≡ , is based on the work of 

Mittal [10], Patil and Thakare [11], Srivastava and Singh [17]. 

Some useful Operational Techniques are given below: 

( ) ( )( ) ( ) ( )( )1/,exp 1 1
s aa s a aa

xtT x f x x ax t f x ax t
β

β β
+ − − 

 = − −      (1.22) 

( ) ( )( ) ( ) ( )( )1 1/,exp 1 1
s aa s an a

xtT x f x x at f x at
α

α α
+ − +−  

 = + +    (1.23) 

( ) ( ) ( ) ( )( ) ( ), , ,1

0

n n m ma s a s a
x x x

m

n
T xuv x T v T u

m

∞ −

=

 
=  

 
∑     (1.24) 

( )( )( )( ) ( ) 1 11 1 1 2 1 3 ... 1 ( 1) m

m

xD a xD a xD a xD m a xD x a x
a

β ββ− −+ + + + + + + + − +  =  
    

(1.25)

 

  

( ) ( ) ( )
0

1 1
!

m

a a

m m

at
at at

a m

α β α β∞− −

=

− − = −  
 

∑

    

(1.26)

 
II.

 

Generating Relations

 ( ) ( ) ( ) ( )( ) ( )( )( ), ; , , ;

0

1/, ,
, ; , ;

; , , 1 1
α α∞

−

=

+ − − 
 = − − −∑ M N P Q R an n

n
n

s aM N M Na
P Q R k P Q R k

V x a k s x t at I p x I p x at
  

  

(2.1)

 
( ) ( ) ( ) ( )( ) ( )( )( ), ; , , ;

0

1 1/, ,
, ; , ;; , , 1 1α

α∞
− −

=

+ − + 
 = + − +∑ M N P Q R an an n

n
n

s aM N M Na
P Q R k P Q R kV x a k s x t at I p x I p x at

  

(2.2)
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( ) ( )

( ) ( )( )
( )( )( )

( ) ( )( )

, ; , , ;

0

,
1/, ; , ; , , ;

1/,
, ;

; , ,

1 1 ; , ,
1

α

α
α

∞

=

+ − − 
 

−

+ 
 
 

= − −
−

∑ M N P Q R n
n

n

M Ns aP Q R k M N P Q Ra
naM N

P Q R k

m n
V x a k s t

m

I p x
at V x at a k s

I p x at

         (2.3)

17.
S
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. N
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la, 

In
d
ian

 
J
. 
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M
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., 
10(10), 1312-1317.



  

Proof of (2.1)

 

From (1.15), we consider

 

( ) ( ) ( ) ( ), ; , , ; , , ,
, ; , ;

0
; , , ( ) exp( ) ( )α α α

∞
−

=

 = − ∑ M N P Q R n M N a s M N
n P Q R k x P Q R k

n
V x a k s t x I p x tT x I p x           (2.4)

 

Using operational technique (1.22), above equation (2.4) reduces to:

 

( ) ( )

( ) ( )( )

, ; , , ;

0

, , 1/
, ; , ;

; , ,

( ) (1 ) (1 )

α

α
α α

∞

=

+ − − − = − − −

∑ M N P Q R n
n

n

s
M N a M N a aa
P Q R k P Q R k

V x a k s t

x I p x x ax t I p x ax t

( ) ( )( ), , 1/
, ; , ;(1 ) ( ) (1 )

α+ −  − = − − −
s

a M N M N a aa
P Q R k P Q R kax t I p x I p x ax t

   

  (2.5)

 

And replacing t

 

by atx− ,  this gives

 

(2.1).

 

Proof of (2.2)

 

Again from (1.15), we have

 

( ) ( ) ( ) ( ), ; , , ; , , ,
, ; , ;

0
; , , ( ) exp( ) ( )α α α

∞
−− − −

=

 = − ∑ M N P Q R anan n M N a s an M N
n P Q R k x P Q R k

n
x V x a k s t x I p x tT x I p x

 
          

      

 

(2.6)

 

applying the operational technique (1.23), we get

 

( ) ( )

( ) ( ) ( )( )

, ; , , ;

0

1 1/, ,
, ; , ;

; , ,

( ) 1 1

α

α
α α

∞
−−

=

+
−−  = + − +

 

∑ M N P Q R anan n
n

n

s aM N M Na
P Q R k P Q R k

x V x a k s t

x I p x x at I p x at

      
( ) ( ) ( )( )1 1/, ,

, ; , ;1 ( ) 1
α+

−  = + − +
 

s aM N M Na
P Q R k P Q R kat I p x I p x at

 

                                                      
(2.7)

 

This proves (2.2).

 

Proof of (2.3)

 

We can write (1.15) as,

 

( ) ( ) ( ), ; , , ;, ,
, ; ,

, ;

1( ( )) ! ; , ,
( ( ))

αα α − = 
n M N P Q Ra s M N

x P Q R k nM N
P Q R k

T x I p x n x V x a k s
I p x

   

(2.8)

 

Or
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( )( ) ( ){ }, , ,
, ;exp ( ( ))α − 

na s a s M N
x x P Q R kt T T x I p x

Notes



( ) ( ) ( ), ; , , ;,
,

, ;

1!exp ; , ,
( ( ))

αα α 
=  

  

M N P Q Ra
x nM N

P Q R k

n tT x V x a k s
I p x

 

( )

( ) ( ) ( )

, ,
, ;

0

, ; , , ;,
,

, ;

( ( ))
!

1!exp ; , ,
( ( ))

α

αα

∞ +

=

 − 

 
=  

  

∑
m m na s M N

x P Q R k
m

M N P Q Ra s
x nM N

P Q R k

t T x I p x
m

n T x V x a k s
I p x

                
(2.9) 

Using the operational technique (1.20), above equation can be written as: 

( )

( )
( )( )( )

( ) ( )( )

, ,
, ;

0

1/, ; , , ;
1/,

, ;

( ( ))
!

1! 1 1 ; , ,
1

α

α
αα

∞ +

=

+ − − 
 

−

 − 

= − −
−

∑
m m na s M N

x P Q R k
m

s aM N P Q Ra aa
naM N a

P Q R k

t T x I p x
m

n x ax t V x ax t a k s
I p x ax t

 

(2.10) 

use of (2.8) gives  

( ) ( ) ( )

( )
( )( )

( ) ( )( )

, ; , , ;
,

0 , ;

1/, ; , , ;

1/,
, ;

! 1 ; , ,
! ! ( ( ))

11 1 ; , ,
1

αα

α
αα

∞

+
=

+ − − 
 

−

+

= − −
 −  

∑
m

M N P Q R
m nM N

m P Q R k

s aM N P Q Ra aa
naM N a

P Q R k

t m n
x V x a k s

m n I p x

x ax t V x ax t a k s
I p x ax t

 

(2.11)

 

Therefore

 

( ) ( )

( )
( )( )( )

( ) ( )( )

, ; , , ;

0

,
1/, ; , ; , , ;

1/,
, ;

; , ,

( ( ))
1 1 ; , ,

1

α

α
α

∞

+
=

+ − − 
 

−

+ 
 
 

= − −
−

∑ M N P Q R m
m n

m

M Ns aP Q R k M N P Q Ra aa
naM N a

P Q R k

m n
V x a k s t

n

I p x
ax t V x ax t a k s

I p x ax t

 

(2.12)

 

And replacing t

 

by atx− , 

 

this gives the result (2.3).

 

 

III.

 

Finite Summation Formulae

 

( ) ( ) ( ) ( ) ( ), ; , , ; , ; , , ;0

0

1; , , ; , ,
!

α α∞

−
=

 =  
 

∑
mM N P Q R M N P Q Ra

n n m
m m

V x a k s a x V x a k s
m a

    

(3.1)
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Notes
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 Proof of (3.1) 
 From equation (1.15), we have:
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Using the operational technique (1.24), we have: 
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Using the result (1.24), we have:
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Put 0α =
 
and replacing n

 
by n m−

 
in (3.3), we get:

 

( ) ( ) ( ) ( )( )( ) ( )( ), ; , , ;0 , , ,
, ; , ;

1; , ,
!

−

−  = − −
n mM N P Q R M N a s M N

n m P Q R k x P Q R kV x a k s I p x T I p x
n m

 

( ) ( ) ( )( ) ( )( )
( ) ( ), ; , , ;0, ,

, ; ,
, ;

1 1 ; , ,
!

−

− ⇒ − = −
n m M N P Q Ra s M N

x P Q R k n mM N
P Q R k

T I p x V x a k s
n m I p x  (3.6) 

This gives

 

( ) ( ) ( )( ) ( )

( )( )
( ) ( )

1
,

, ;
0

, ; , , ;0
,

, ;

1
!

1 ; , ,
− −

=

−
−

 + + − −
=∏

n m
M N
P Q R k

i

a m n M N P Q R
n mM N

P Q R k

s ia xD I p x
n m

x V x a k s
I p x                  

(3.7)

 

From equation (3.5) and (3.7) we have the main the result.
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Applying the (1.21) in equation (3.8), we have:
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Applying the result from equation (1.26); equation (3.9) reduces to:
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Now equating the coefficient of nt

 

, we get:
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Using the equation (1.15) in (3.11) we have the result (3.2).
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Equation (1.15) can be written as:

Proof of (3.2)

Notes
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b)

 

If we put 1; 1α β= = =j jR , then the I-function reduces to general type of G-function 

[7] i.e. 
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IV. Special Cases

a) If we put 1,=R I-function reduces to Fox’s H-function [18, p. 10, Eqn. (2.1.1)], then 

the equation (2.1), (2.2) and (2.3) takes the following form:
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d)

 

The interesting special cases/relationships between (1.15) and class of polynomials 

(1.1)-(1.14) can also be obtained for appropriate values of parameters α, a, k, s and 
those of involving in I-function.
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