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[X]. By using operational technique, some interesting generating relations and finite summation formulae are

l. INTRODUCTION

Operational techniques have drawn the attention of several researchers in the
study of sequences of functions and polynomials.
In 1956, Chak [1] defined a class of polynomials as,

G\ (x) = x"* " "e” (x"D)n [x7e™] (1.1)

Where K is constant and n=0,l,2,...,DEdi.
X

Gould and Hopper [5] introduced generalized Hermite polynomials in 1962 as,
Hy (x.a,p)=(-1)"x " exp(px)D" [xa exp(—pxr)] (1.2)

Chatterjea [4] studied as a class of polynomials for generalized Laguerre
polynomials in 1964,

T (x, p) =%x“”l exp(px')(°D)" | x“*exp(—px’) | (1.3)
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In 1968, Singh [16] studied the generalized Truesdell polynomials defined as,

1. Chak, A. M., (1956) A class of polynomials and generalization of stirling numbers,
Duke J. Math., 23, 45-55.

T (x,r,p)=x" exp( px" ) (xD)’ [xa exp(—pxr)] (14) m
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Srivastava and Singh [19] introduced a general class of polynomials in 1971 as,

61" 11, pi) =2 e ) ) [ e ) (5

In 1971, the Rodrigues formula for generalized Lagurre polynomials is given by

Mittal [8] as,
T (x) :%x“ exp(p, (%)) D" [ x“" exp(-p, (x))] (1.6)

Where p, (X) is a polynomial in X of degree K.
Mittal [9] also proved following relation for (1.6) as,

-I-k(na+s—1) (X) _ i

iy KN exp(pk(x))Ts“[xa exp(—p, (x))] (1.7)

Where s is constant and T, = X(S+ XD).
Recently, Shukla and Prajapati [15] obtained several properties of (1.7).
Chandel [2] also studied a class of polynomials defined in 1973 as,

T (x,r,p) = x“ exp(px ) (xD)’"| x“ exp(-px') | (1.8)

In 1974, Chandel [3] established a generalization of polynomial system as,
G, (h,g(x),k)=e ™" (x*D)"[e "] (1.9)

Where g(x) is a function of x, h and k are constants.

In the same year, Srivastava [14] discussed some operational formulas generalized
function

Frm (x,a,k, p) in the form,

R (k)= x* ep(pc ) D) [ exp(-p )] (110

In 1975, Joshi and Parjapat [6] introduced the a class of polynomial,

—a-nk

——exp(p, (x))[ " (a+xD) ][ x" exp(-p, (x))] (1.11)

M (x,a,k)=

Subsequently in 1975, Patil and Thakare [11] have obtained several formulae and
generating relation for

P (x,r,5,a,k, 1) = x"“exp(px")[ x* (4+ xD)]n [X‘“S” exp(—px’ )] (1.12)

© 2013 Global Journals Inc. (US)
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17. Srivastava, A. N. and Singh, S. N.,; (1979) Some generating relations connected with a
function defined by a Generalized Rodrigues formula, Indian J. Pure Appl. Math.,
10(10), 1312-1317.

In 1979, Srivastava and Singh [17] studied a sequence of functions Vn(“)(x;a,k,s)

defined as

V9 (xak,s)=

{p(x)} 0" x“ exp{-p, (x)} ] (1.13)

By employing the operator QEXa(S+XD), where s is constant and pk(X)is a
polynomial in X of degree k.

J.C. Parjapati and N.K. Ahudia [12] introduced the sequence of function defined as,

VI (ko) = 2 W (a8, () (T2 [XW (.85 ()] (114

n

A new sequence of function {V(M'N;P’Q;a) (x;a,k,s)/ n=0,1, 2,...} is introduced in this

paper as,
Vﬂ(M,N;P,Q,R;a)(X ak, S _ —aIQ/IQNRI:pk ]( as) [ PQR[ pk :H (1.15)

Where T2* Exa(s+xD),DEdi, a and s are constants, f>0, k is finite and
X

non-negative integer, pk(x) is a polynomial in x of degree kand I% [ ]is [-function,

PQR

defined and represented in the following manner [13]:

(2j i)y (it i)aap |1
’ O °d 1.16
(bj,ﬁj )l,M ,(bji,ﬂji)M 1.0 27 l{¢(§)z 4 ( )

IM,N
POQR|Z

I r{bj-4j¢) 11 r{1-aj+ajé)
j=1 j=1

(&)= 5 A (1.17)
x| Il F(l bjl+ﬂjI§) I1 F(aji—ijif)
i=1 j=M+1 j=N+1

and M,N,P,Q, are integers satisfy O< N <P,1<M SQi(i=1,...,R), R is finite,

a;,p.a;, Py are positive numbers and a; b a“,b are complex numbers. I-function
which is a generalized form of the well known Fox’s H-function [18]. In the sequel the I-

function will be studied under the following conditions of existence:

(1A >O,|argz|<A‘—2ﬂ (1.18)

© 2013 Global Journals Inc. (US)
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(1) A zo,|argz|sp‘—2” and Re(B+1) <0 (1.19)

WhereAzZaj— Z a; +Zﬂ z B Vi=(12,..,R) (1.20)

j=M+1

AndB= Zb + Z b; Za —~ Z a + ),Vi=(12..,R) (1.21)

j=M+1 j=N+1

Some generating relations and finite summation formulae of class of polynomials or
sequence of function have been obtained by using the properties of the differential

operators. T2 =x*(s+xD), T2 =x*(1+xD), where D= di , is based on the work of
X

Mittal [10], Patil and Thakare [11], Srivastava and Singh [17].

Some useful Operational Techniques are given below:

exp(tT2*) (X" f (x)) = x” (1-ax’t) (23 f(x(l—axat)ﬂa) (1.22)
exp(tTXa’s)<x“‘a“f (x)) “(1+at) (M] f(x(1+ at)”a) (1.23)

(1 )= ) () 21

(1+xD)(1+a+xD)(1+2a+xD)(l+3a+xD)...(1+(m—1)a+xD)xﬂ‘1:am(gj X/ (1.25)

(1-at)a =(1-at)= i(“_ﬂj (a) (1.26)
[1. (GENERATING RELATIONS

SV MAPAR) (38 ks _ —(1-at) ) o (P (X)) PQR( P (X (1_"’“)%)) (2.1)

n=0

Z)Vn(M,N;P,Q,R;a—an) (X; a, k,S)X—antn (1+ at) (aHj P Q A ( D, ( )) ! Q R( P, ( (1+ at)lja )) (22)

i[m+njv (M.N:P.Q.Ra) (X;a’k,S)t n

n=0

(2.3)

- (1 at)_(a;SJ IF"\AQNR ( P« (X)) (M NPQR) (x(l— at)_]ja Ak, s)

1% (pe (x(@-at) ™)) "

2013 Global Journals Inc. (US)
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Proof of (2.1)

From (1.15), we consider

ZV M.N:P.QRia) (X a,k, S)l' —X_apoR(pk(X))eXp(tTas)[X IPQR( pk(x)):l

Using operational technique (1.22), above equation (2.4) reduces to:

Zwlvn(“” NPQR) (x:a,k, s)t"
n=0
=X "I (P (X)) X" (1~ axat)i( : ) Ik ( Py (X(l ax’t) ™ ))

=(1- axat)i( 2 ) 1t (P 00) 1% (— i (x(@-axt) )

And replacing t by tx™*, this gives (2.1).
Proof of (2.2)
Again from (1.15), we have

Zx“"‘”v (MNPQRaa (x:a,k,9t" = X “IPQR(pk(x))exp(tTas)[x“ Mo (- pk(x))}

n=0

applying the operational technique (1.23), we get

i X_anvn(M N;P.Q Riz—an) (X; ak, S)tn

n=0

=X 1o (P (X)) X (:l""at)a+ IQAQNR[ pk(x(1+at)ya)}

= (L+at) = 1 (p,00) g [y (x(1+at)”)
This proves (2.2).

Proof of (2.3)
We can write (1.15) as

(M N;P.Q,R;) (X; a, k, S)

1
T | =nIX —————
(1) DRI o oy

Or

exp(t(T)) (1) [x 1k (=P () ]

(2.4)

(2.5)

(2.6)

(2.7)
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_ n!exp(tTXa'“)[ X oy L ymweora (x;a,k,s)}

p.or (P (X))
I( ) [X IPQR( pk(x)):l
m=0
1 OR:
— | a,s a (M,N,P,Q,R,a) .
) n.exp(TX ){x T 5 ) Q’,'QA;IR(DK(X))VH (x,a,k,s)} (2.9)
= Using the operational technique (1.20), above equation can be written as:
14 1" (ras )T
_. ZW(TX’ ) I: II!\’AQNR( pk(x))]
~ m=0 1=
- =n!x" (1—axat)_(aj = — Vn(M'N;P'Q'R;“)(x(l—axat)_ﬂa;a,k,s)
5 I,ﬁ"QNR(pk (x(l— ax’t) ))
. (2.10)
% use of (2.8) gives
;; w tm(m+n 1 (M,N:P.Q.R:z)
X" Vi x;a,k,s
- mzo m!n! oo (P (X)) ( )
% a a ‘(a;s] 1 (M,N;P,Q,R) ap\ e,
’ =x“(1-ax’t) | @ —=V (x(l—ax t) ,a,k,s)
. IR [ P, (x(l— axat) )}
‘: Therefore (2.11)
=3 m=0
: (exs (A b oR “va
< - (1-ax) & ran(P 0D vn(M'N'P'Q'R'“>(x(1— axt)” ;a,k,s)
= 1 ( P (x(l— ax’t) ))
K (2.12)
And replacing t by tx™®, this gives the result (2.3).
8 [II.  FINITE SUMMATION FORMULAE
VS (o k)= 32 (2 1) £] T (ko)
m=o M- a/m (3.1)

2013 Global Journals Inc. (US)



Notes

n n-m

m

m=0 ml

Proof of (3.1)

From equation (1.15), we have:

VMNPQR) (v g K g :ii(a g) (Tﬂ] VM NPRRA) (v a,k,s) (3.2)

Vn(“”"”"Q‘F“"’)(x;a,k,s):n1 ’“IS"QNR(Dk(X))(Tx(a'S))n[ XS (=P (%)) ] (3.3)

Using the operational technique (1.24), we have:

V(M N;P.Q.R;a) (X.a k S)

R
— L1 (P (X XZL:J

m=0

nm

o (=P 0))J(T2)" ()

1 X~ ¢ C n! a(n-m
:nl IQAQNR(pk(X))szzom!(n_m)!X( )X

[(s+xD)(s+a+ xD)(s+2a+xD)...(s+(n-m-1)a+ xD)]x

[PQR( . (X ))]Xam[(1+xD)(1+a+xD)(1+2a+xD)...(1+(m_1)a+XD)](Xa_l)

Using the result (1.24), we have:

1 (P () Y

mml(n-m)t 4

-m-1

Put & =0 and replacing n by n—m in (3.3), we get:
1

—) PQR(pk( ))(Txa’s) [QAQNR( P (X ))]

V(M'N;F"Q‘M’)(x;a,k,s)=(n —

n-m

(s+|a+xD)[ PQR( Pe (X ))] m(%] (3.5)

= ;)(T) |18 (—p () |= “\AN;V(M’N;P’Q’R:O) (xaks)  (3.6)

(n—m)!

Yok (P (X)) "

This gives

n-m-1
1 [ (s+ia+xD)| 1% (—p, (%)) ] _xa(m‘”);V(M‘N;P'Q'R;O)(x;a,k,s)

(n-m)! i ok (P(x) ™"

From equation (3.5) and (3.7) we have the main the result.

2013 Global Journals Inc

(US)
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Proof of (3.2)

Equation (1.15) can be written as:
2V (a kst = xRk (R (9)ee( T ) X B (-R(0)] @)

Applying the (1.21) in equation (3.8), we have: NOteS

ivn(M N;P.Q.R;) (X, a, k, S)tn
n=0

a+s

St () (L) 3 g (- (x(a-ac) )

a+s

- (1— axat)_(aj ||2/,|<§th ( P, (x)) I,Q’fé’;“R (_ P (X(l— axat)_ﬂa )) (3.9)

Applying the result from equation (1.26); equation (3.9) reduces to:

~(-acy) Z(a 2 ) (o) 18R (P (X)) 1563 (— p.[x(1- axat)”a))

moo\ a m!

5[] Bt (o (1) (- )]

m!

m!n!

$5(e) (@) O o ()T [0 (s ()]

Y (a—ﬂj ()"t I (o, () (T2 ) [ (—p ()] (3.10)

»mi(n—-m)!
Now equating the coefficient of t" , we get:

v (M NPQRie) (x;a,k,s)

n

i(a;ﬂj (axa) P P ( P, (X))(Txa,s )nfm [Xﬁ’ |V (_ , (x))} (3.11)

:mo » Mi(n—m)!

Using the equation (1.15) in (3.11) we have the result (3.2).

© 2013 Global Journals Inc. (US)
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IV. SpeciAL CASES

a) If we put R=1I-function reduces to Fox's H-function [18, p. 10, Eqn. (2.1.1)], then
the equation (2.1), (2.2) and (2.3) takes the following form:

ivn(M NP (xia,k, X"
n=0

(4.1)
_(@-aty S (P (X)) HYN (— e (x(1-at)™ ))
ivn(M N;P.Q.La—an) (X; a, k, S)X—antn
"0 (4.2)
- (ueat) 1T (p, () M2 (p (x(2rat)™))
i(m; nJVn(M N;P.QLa) (X; ak, S)tn
(4.3)

=(1-at ‘(%s) Hog (pk(x)) v MNPRLa) (v (1 at) ™ ak,s
( ) HQ/‘I('QN ( D, (X(l— at)—JJa )) ( ( ) )

b) If we put R=1a; =p; =1, then the I-function reduces to general type of G-function

(ai ’1)1,N ’(ai ’1)N+1,P

(bi ’1)1,M ’(bi ’1)M+1,Q

(2.3) takes the following form:

7] ie. lpog|Z =Gy | z “P |, the equation (2.1), (2.2) and

ivn(M N;P.Q.La) (X; a, k, S)X—antn
n=0

a+s (4.4)
=(1- at)’[T) Gplo' (P (X)) G (— P, (x(l— at)™ ))
ivn(M N;P,Q,Lz—an) (X, a, k, S)X—antn
"o (4.5)

—(1+ at)‘l*(%sj Goly' (P (X))Gelg' (_ P (X(1+ at)"” ))

© 2013 Global Journals Inc. (US)
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i(m + HJVH(M,N;P,QJ?“) (x; a, k,s)tn

n=0 m
(4.6)

—(1—at —(%S] Gly,léN (pk (X)) Vn(M,N;P|Q,1;a) x(1-at) ™ a.k.s
( ) GQIEQN (pk (X(l— at)—ﬂa )) ( ( ) )

¢) f we put R=LN=P=P,M=1Q =Q+1b=0,4=1a =1-a, b, =1-b B, = ;.
then I-function reduces to the generalized wright hypergeometric function [20, p.287],

(1_ a-J!aj )LP v/ (aj1aj )]_,P 7 th t (2 1) (2 2) d
= y — y € equation 1), . all
(0’1)'(1_bj'ﬂj )1,Q o (bj’ﬂi )1,Q

(2.3) takes the following form:

1p 7

R

iv (PQiar) (x;a,k,s)x*"t"

n
n=0

- (4.7)
=(1- at)’(T) o (P (%)) ¥g (‘ P (X(l_ at)iﬂa))
ivn(P*Q?“*a“) (x;a,k,s)x*"t"
-
(s at)_l{Tj Wo (P (X)) p¥g (— P (X(1+ at)ﬂa))
i[m; n)vn(P'Q;‘“ (x;a,k,s)t"
(4.9)

_(1-at) 1) Vo (P (¥)) v (x(1-at) " ;a,k,s
( ) Pl//Q(pk(X(l_at)iﬂa)) ( ( ) )

d) The interesting special cases/relationships between (1.15) and class of polynomials
(1.1)-(1.14) can also be obtained for appropriate values of parameters a, a, k, s and
those of involving in I-function.
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