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I. [NTRODUCTION

The impulsive differential equations represent a more natural framework for
mathematical modeling of many real world phenomena than ordinary differential
equations. In recent years, significant progress has been made in the theory of impulsive
differential Impulses can make unstable systems stable, so it has been widely used in
many fields such as physics, chemistry, biology, population dynamics, industrial robotics
and so on. The impulsive differential equations represent a more natural framework for
mathematical modeling of many real world phenomena than ordinary differential
equations. In recent years, significant progress has been made in the theory of impulsive
differential equations [3-14]. In addition to that, functional differential equations have a
wide application in our society. So it is important to study them. There are some results
on impulsive functional differential equations [5,6,7,8,11,13,14].

We can easily see that in the previous works about impulsive functional
differential equations the authors always suppose that the state variables on the impulses
are only related to the present state. But in most cases, it is more applicable that the
state variables on the impulses are also related to the former state. But there are rare
results about impulsive functional differential equations in which state variable on the
impulses are related to the time delay. In addition to that strict stability is analogous to
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Lyapunov’s uniform asymptotic stability. It gives us some information about the
rate of decay of the solutions. In[1], the authors have explored further the definitions of
strict stability of differential equations and have gotten some results. In [13] authors have
gotten some results about the strict stability of impulsive functional differential equations
in which the state variables on the impulses are not related to the time delay. Moreover,
in the study of Lyapunov stability, an interesting set of problems deal with bringing sets
close to a certain state, rather than the equilibrium state. The desired state of a system
may be mathematically unstable and yet the system may oscillate sufficiently near this
state that its performance is acceptable. Many problems fall into this category including
the travel of a space vehicle between two points, an aircraft or a missile which may
oscillate around a mathematically unstable course yet its performance may be acceptable,
the problem in a chemical process of keeping the temperature within certain bounds, etc.
Such considerations led to the notion of practical stability which is neither weaker nor
stronger than Lyapunov stability. In [11] authors have gotten some results about the
practical stability of impulsive functional differential equations in Equations in terms of
two measures. In [2] authors have gotten some results about strict practical stability of
delay differential equations. In this paper, strict practical stability of impulsive functional
differential equations in which the state variables on the impulses are related to the time
delay is considered.

This paper is organized as follows. In Section II, we introduce some basic
definitions and notations. In Section III, some criteria in the form of theorem for strict
practical stability of impulsive functional differential equations is obtained in which state
variables on the impulses are related to the time delay is investigated. Finally, concluding
remarks are given in Section IV.

I1. PRELIMINARIES

Consider the following Impulsive functional differential equation in which the state
variables on the impulses are related to time delay.

X)=~1(t,x), t=>t, t=r,
X(z,)=1,(X(z.)) + J, (X(z, — 7)), k=1,2,3,......, (1)

Wherex eR", f eC[R" xD,R"],1,,J, €C[R",R"], D is an open set in PC([-7,0],R"),
where 7 = constant > 0,

PC([-7,0],R")={¢:[-7,0] > R",#(t) is continuous everywhere except a finite
number of points { at which ¢(f*) and ¢(f") exist and ¢ (") =¢(")}, f(t,0)=0, for all
teR,1,(0)=0,J,=0,0=7,<7,<7,<7,<..<7, <...,T, DX, for k— o0 and
x(t)=lim_ . x(s), x(t")=lim___x(s).

For each t>t, X €D is defined by x(s)=x(t+s), -z <s<0. For ¢ePC([-7,0],R")
|#|, is defined by |g|, =sup_._.,|#]. |¢|,is defined by |g|, =inf__ o[¢||. where || denotes

the norm of a vector R". We can see that X(t)=0is a solution of (1) which we call the
zero solution.

A function X(t) is called a solution of (1) with the initial condition X, =¢ . Where

o>t, and ¢ € PC([-7,0],R"), the initial value problems of equation (1) is
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X(t)=f(t,x), t>t t=z,

X(r) =1, (X(r) + I (X(r; = 7)), k=1.2,3 0. X =0 (2)

Throughout this paper we let the following hypothesis hold.
(H,) For te[o—7,0], the solution X(t;o,9) coincides with the functionp(t—o).

(H,) For each function x(s):[o—7,0] = R", which is continuous everywhere except
at the point {Tk}at which x(z.),(z,) exist and Xx(z,)=X(z,), f(t,X) is continuous for
almost all te [a,oo) and at the discontinuous points f is right continuous.

(H,) f(t,¢) is Lipschitzian in ¢ in each compact set in PC([-7,0],R").

(H,) The functions I, J,, k=12,...,, are such that if xeD, I, #0 and J, #0, then

I, (X)+J, (x(t—7)) e D.

Under the hypothesis (H;)-(H,), there is a unique solution of problems(2)
through-out (o, ).
We are using the following notations:

S(p) ={x e R": x| < 3.

K ={aeC[R",R"]:a(t)is monotone strictly increasing and a(0) = 0},

We have following definitions.

Definition 2.1 : The trivial solution of (2) is said to be

1) Strictly practical stable, if for any o >t;there exist (1,,A)), 4,<A,, we have [[¢|K 4,
implies || x(t)||< A, for some t, € R"; and for every A,<A, there exist A,<A4,, such
that ||@|> A, implies || x(t) |[> A, for all t>o .

2) Uniformly strictly practical stable if (1) holds for all t,e R".

Definition 2.2 : The function V (X) :[t,,%]x S(p) = R" belongs to class V, if:

1) The function V is continuous on each of the sets [z, ;,7,)xS(p) and for all t>t,,
V(t,0)=0;

2) V(t,x) is locally Lipschitzian in X € S(p);

3) For eackk k 1,2,..., there exist finite limits
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lim )V(t,=y) V(7. ,X)

ty)—>(z¢
With V(7 =) V(t,x) satisfied.

Definition 2.3 : Let V €V,, for (t,X) €[z, ;,7,)xS(p), D'V is defined as N

D'V (t, x(t)) =lim sup%{V(t+5,x(t+5))—V(t,x(t))}

X—06
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[II.  MaIN REesuLt

Now we consider the uniformly strict practical stability of the impulsive functional
differential equation in which the state variables on the impulses are related to the time
delay. We have the following theorem about the uniform practical stability of the system

(1).
Theorem 3.1 Assume that
(i) There exist 0< 4 <A, a;,b, ek, V, (t,x(t)) €V,. Such that
by (Il x(t) ) <V, (&, x(®) <a ([ x®) ) -
(i)  For any solution of (1), V,(t+s,x(t+s)<V, (t,x(t)) for se[-7,0] and
D'V, (t,x(t)) <0.
(ili) Forall keZ™, xeS(p).

V., (o LX)+ 3, XG5 =) STV, (7 X)) 4V, (5 7. =)
Where ¢, =0 and ick <o,

(iv)  For any 0<A4,<4,, there exist a,,b, ek, V, (t,X(t)) €V,. Such that
b,(IIx@® ) <V, (&, x(1)) < a, (I x(®) [I).
(v)  For any solution of (1), V, (t+s,X(t+s))>V, (t,X(t)) for s €[-7,0] and
D'V, (t,x(t))>0.
(vi) ForallkeZ", xeS(p).
V., (@ L (X(7 ) + 3, (X(7y — 7))

1-

R, (), 5 - =)

Where 0<d, <1 and de <.
k1

Then the trivial solution of (1) is uniformly strictly practical stable.

Proof :
Since Zbk < 0, ch < o0,
=k 1 =k 1
» 1+C » 1-b
It follows that Hk:l 5 k =M and Hk:l 5 K=N.
Obviously 1<M <o, O0<N <1.

Let 0< A < pand o 2t,be given and o €[z, ,,7,] for some ke Z".
Choose 0< A, <A, such that Ma, (1) <b,(A).
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We claim that || |[< A4,implies || x(t) |l< A, for t>0o.

Obviously for any te[o —17,0], there exist a € €[-7,0], Such that
Vv, t,x(t) =V, (o +0,x(c +0))

<ay(l[x(e+0) )= a (Il x, () 1) = ay(ll () II) < &, (4,)

Then we claim that

V, (tx() <a,(4) for o<t<z,. (3)

In fact, if inequality (3) does not hold, then there exist a te (o,7,) such that
Vll(tA, x(t)) > a,(4,) 2V, (o,%(0)) which implies that there is a t e(o,1) such that

D'V, (t,x(t))>0 (4)
and V, (T +s,x(T +s)) <V, (T,x(1)) for se[-7,0].

By condition (ii), which implies D'V, (T, x(t)) <0. This contradict inequality (4) so
inequality (3) holds.
In view of inequality (3) and condition (iii), we have

V, (o x(7)) =V, (76 L (X(7)) + 3, (X(7 = 72))

<

S, (5 X))+, (7 o X( ~ )] < 0+ 6)a() Next we prove that

V,tx(1) <@+c)a(4) forr <t<z,. (5)
If inequality (5) does not hold, then there is a § e(z,,7,,,) such that
V., (5, x(8)) > (L+c)a,(4) 2V, (7, X(z))
Which implies that there is a § €(z,,S) such that
D'V, (5,x(s))>0 (6)
and V, (5+8,X(5+5)) <V, (5,X(5)) for se[-7,0].

By condition (ii) which implies that D'V, (5,X(5)) <0. This contradicts inequality
(6), so inequality (5) holds.
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In view of inequality (6) and the condition (iii), we have
Vo X752~V G Lea D) + da (X =)

1+c¢ o _ _ |
= %[\/ﬂl (T, X(7,)) +V, (70— 7. X(7, — 7))

<(@+c,)A+c)a(4).
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This together with inequality (3) yields
V, (6, X()) < May(%).

From this and condition (i) we have
b,(IX@ 1) <V, (t, X(1) < May(4) <bA) for tzo.

Thus, we have [|x(t)|l< A for t>0o.

Now, let 0<A,< A, and Choose 0< A, < 4, such that a,(A,) < Nb,(1,).
Next we claim that |@|> 4,implies || X(t) ||> A, for t>0o .

If this holds then A, <||x(t)|l< A, for t>0o .

Obviously for any t€[o —17,0], there exist a € €[-7,0], Such that

V,, ([t x(1)) =V, (o +6,x(c +8)) 2 b,(|[ x(o+0) ) =b, (I X, (8) [) = b, ([[(6) [[) = b,(1,) .
Then we claim that
VAQ (t,x(t)) 2b,(4,) for o <t<r7,. (7)

In fact, if inequality (7) does not hold, then there exist a t € (o,7,)such that

V, (T, x(1)) <b,(1,) <V, (o,%(c)) (8)
which implies that there is a t, € (o,t) such that
DV, (t,X(t)) <O (9)
and V, (t+s,x(t,+5)) 2V, (t,x(t,)) for se[-7,0].

By condition (v), which implies D'V, (t;,X(t,)) 2 0. This contradict inequality (9) so
inequality (8) holds.
In view of inequality (7) and condition (vi), we have

V., (@ X)) =V, (7, L (X(7 ) + 3, (X(z, —7))) = 1_2dk [V, (z . x(m ) +V,, (7 — 7. X(7 —7))] 2 (1-d, )b,(1,)
Next we prove that
v, (t,x(t)) = (1-d)b,(4,) forz <t<7,. (10)

If inequality (10) does not hold, then there is a [ e(z,,7,,;) such that
V,, (F,X(F) < A=d)b,(4,) <V, (7, X(5,)

Which implies that there is a T e(z,,f) such that
DV, (T, x(T)) <0 (11)

And V, (E+8,X(5+5)) <V, (5,X(5)) for se[-7,0].

By condition (v) which implies that D'V, (7, x(7))>0. This contradicts inequality

(11), so inequality (10) holds.
In view of inequality (11) and the condition (vi), we have
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Which implies that there is a T e (z,,F) such that
DV, (T, x(1) <0 (11)

And V, (548, X(5+5)) <V, (5,X(5)) for se[-7,0].

By condition (v) which implies that D'V, (7,Xx(F))>0. This contradicts inequality

(11), so inequality (10) holds.
In view of inequality (11) and the condition (vi), we have

V., (s X(701)) =V, (Tas L (X(70)) + Jia (X7, = 7))

1-d o - -
> 2k+l [Vﬂg (Tk+1l X(Tk+l)) +V1fz (Tk+l =7, X(Tk+1 - T))]

> (1-d, )L~ d, )b, (2,).

By simple induction, we can prove that in general that for k=0,1,2,...

V,i,z (t1 X(t)) 2 (1_ dk+m)"'(1_ dk)b2(ﬂ2) for Tyem St< [

This together with inequality (7) yields V, (t,x(t)) = Nb,(4,) .

From this and condition (iv) we have

a,(IX() ) 2V, (t,X(1)) = Nb(2,) >a,(A) fort>o.

Thus, we have || X(t) [> A, for t>o.

Thus, the trivial solution of (1) is uniformly strictly practical stable.

IV. CONCLUSION

In this paper, the strict practical stability of impulsive functional differential
equations in which the state variables on the impulses are related to the time delay is
considered. By using Lyapunov functions and Razumikhin technique, we have obtained
some results for the strict practical stability. Strict practical stability theorem for
impulsive functional differential equation have been extended to impulsive functional
differential equations in which the state variables on the impulses are related to the time
delay.

REFERENCES REFERENCES REFERENCIAS

1. Lakshmikantham V. and Mohapatra R.N., ”Strict stability of differential equations”,
Nonlinear Analysis, vol. 46, pp. 915-921, 2001.

2. Lakshmikantham V. and Zhang Y., ”Strict practical stability of delay differential
equation”, Applied Mathematics and Computation, vol. 118, pp. 275-285, 2001.

3. Lakshmikantham V., Bainov D. D., and Simeonov P. S, ”"Theory of Impulsive H
Differential Equations”, Vol.6 of Series in Modern Applied Mathematics, World
Scientific, Teaneck, NJ, USA, 1989.

Global ]()urnal of Science Frontier Research ( F) Volume XIII Issue [ Version | ! Year 2013

© 2013 Global Journals Inc. (US)



Global ]()lll'l]dl of Science Frontier Research (F ) Volume XIII Issue | Version I H Year 2013

10.

11.

12.

13.

14.

Lakshmikantham V. and Vasundhara Devi J., ”Strict stability criteria for impulsive
differential systems” Nonlinear Analysis: Theory, Methods and Application, Vol. 21,
no. 10, pp. 785-794, 1993.

Kaien L. and Guowei Y., “Strict stability criteria for impulsive functional differential
equations”, Journal of Inequalities and Application, Vol 2008, Article ID 243863, 8
pages.

Shen J. H., "Razumikhin techniques in impulsive functional differential equations”,
Nonlinear Analysis, vol. 36, pp. 119-130, 1999.

Singh Dilbaj and Srivastava S.K., ”Strict Stability Criteria for Impulsive Differential

Systems”, Advance in Differential equation and Control Processes, Vol. 10, pp. 171-
182, 2012.

Singh Dilbaj and Srivastava S.K., ”Strict Stability Criteria for Impulsive Functional
Differential Equations”, Lecture Notes in Engineering and Computer Science, Vol.

2197, pp. 169-171, 2012.

Sun J. T. and Zhang Y. P., ”Stability analysis of impulsive control systems”, IEE
Proceeding-Control Theory and Application, vol. 150(4), pp. 331-334, 2003.

Sun J. T., ”Stability criteria of impulsive differential system,”, Applied Mathematics
and Computation, vol. 156(1), pp. 85-91, 2004.

Zhang Yu and Sun J. T., ”"Practical Stability of Impulsive functional Differential
Equations in terms of two measures”, Comp. Math. Appl., Vol. 48, pp. 1549-1556,
2004.

Zhang Yu and Sun J. T., ”Strict Stability if Impulsive Differential Equations”, Acta
Mathematica Sinica, English Series, Vol. 22, No. 3, pp. 813-818, 2005.

Zhang Yu and Sun Jitao, ”Stability of impulsive functional differential equations”,
Nonlinear Analysis, vol. 68, pp. 3665-3678, 2008.

Zhang Yu and Sun Jitao, ”Strict stability of impulsive functional differential
equations”, Mathematical Analysis and Application, vol. 301, pp. 237-248, 2005.

© 2013 Global Journals Inc. (US)

Notes



	Uniform Strict Practical Stability Criteria for Impulsive Functional Differential Equations
	Authors
	Keywords
	I. Introduction
	II. PRELIMINARIES
	III. MAIN RESULT
	IV. CONCLUSION
	References Références Referencias

